Chapter 1

Introduction

This class is a calculus based introduction to the theory of probability. Our
goal is to cover topics such as random variables, random vectors, law of
large numbers, central limit theorem, point estimation and confidence in-
tervals, hypothesis testing and P-value, as well as linear regression.

1.1 Sample Space

Traditionally, a sample space is denoted by Q) and a generic element in O
is denoted by w.

In every investigation of probability and statistics, there is always an un-
derlying sample space, explicitly or implicitly. In some advanced and very
specific topics, sample space can be an important component. However,
by and large, in most studies we will pay no attention to the details of the
underlying sample space, because it simply does not matter. We nearly
always work with random variables defined on the sample space, not the
sample space itself.

In many introductory textbooks, sample space is “defined” as the collec-
tion of all possible outcomes when one studies a phenomenon or perform
experiments, while each element w € O represents one possible outcome.
For example, if a fair coin is tossed once, then one can define a sample
space with only two elements, namely Q = {H, T}. However, this is only
one choice of a sample space, a choice for convenience and clarity. You
can make your sample space so complicated that it contains possible out-
comes from (say) future baseball games, stock market movements, seismic
activities around the globe, and so on. And yet, in the midst of all, you are
tossing a fair coin, once. No choice of a sample space will yield a different



probabilistic prediction of your toss — it is always 50% heads and 50% tails.

In short, the choice of sample space does not matter, what matters is the
probabilistic property of the outcome of interest. In this class, we will occa-
sionally use sample spaces to explain concepts and facilitate computations.

1.2 Random Variables

Typically a random variable is denoted by capital letters such as X, Y, Z,
while lower case letters such as 4, b, ¢ are reserved for constants.

Definition 1.1. Any function QO — R is said to be a random variable.

That is, a random variable X in probability theory is merely a function on
the sample space. It maps an element w € Q to a real number X(w). In the
setup of every study in probability, it is assumed, explicitly or implicitly,
that there is a single sample space and all relevant random variables are
defined on this common sample space. This allows us to perform algebraic
operations among random variables.

For example, let X and Y be random variables. Here we have already as-
sumed that they are both defined on some common sample space Q). Then
algebraic operations such as X2, X+Y, max(X,Y), and so on, generate
new random variables. More precisely,

X2 we X (w)
X+Y: w—Xw)+Y(w)
max(X,Y): w— max{X(w),Y(w)}.
The study of random variables, their properties/relations and interpreta-

tions, is in the center of probability theory.

Example 1.1. Tossing a coin repeatedly. A sample space () can be defined
as the collection of all elements w of form

W= wWiWy - -Wy---

where w, = H or T denotes the outcome of the n-th toss. Define a sequence
of random variables Xj, X, . .. such that

. |1 fw,=H
X”(‘”)_{ 0 ifw,=T

For example, if w = HHTHT ..., then X (w) = X (w) = X4(w) = 1 and
Xg,(w) = X5(CU) =0.



X, represents the outcome of the n-th toss: if X,, = 1, it means the n-th
toss is heads; if X;, = 0, it means the n-th toss is tails. These X,,’s can be
used to create more random variables. For example

X1+Xo+-+ X, and n— (X1 +Xp+-- -+ Xp)

represent the total number of heads and tails in the first n tosses, respec-
tively. The random variable

T=min{n>1: X, =1}

represents the number of tosses until the first heads.

1.3 Events

An event is simply a subset of the sample space. For example, to study
the event “getting even number of heads in two tosses of a coin”, one can
define a sample space

Q ={HH,HT, TH,TT}
and the event of interest is the subset
A={HH,TT}.

Events can also be defined through random variables. For example, given
a random variable X and two constants 2 < b, the event A = {a < X < b}
is the shorthanded notation for

A={weQ:a<X(w)<b}.

If an outcome w € A, then “event A happens”. If not, then “event A does
not happen”.

Given events A and B, the common set notation and their interpretation
are as follows:

o A C B: when event A happens, B must happen.
e AN Bor AB: Events A and B both happen.
e AU B: Events A or B happens.

A€ or A (complement): Event A does not happen.

A and B are disjoint or mutually exclusive (A N B = (}): Events A and
B cannot happen at the same time.



1.4 Probabilities of Events

Givenanevent A C Q, the probability that event A happens is simply denoted
by P(A). Probability means chance. It means that if the same experiment
is performed many many times, then roughly P(A) fraction of the time the
outcome (w) belongs to the subset A (event A happens).

Example 1.2. Toss a fair coin three times, what is the probability that there
are even number of heads?

Solution: The calculation is rather straightforward. There are four possible
outcomes with even number of heads:

HHT, HTH, THH, TTT.

Each one of these outcomes has probability

1 1 1 1

222 8

There are in total four such outcomes, thus the probability of even number

of heads is
4 x 1.1
8§ 2

Another way to calculate this probability is that there are in total 23 = 8
possible outcomes (sample space), and 4 outcomes with even number of
heads. Because it is a fair coin, each outcome is equally likely. Therefore
the probability is

4 1

8§ 2
The technique in the above computation is counting. Basically one
counts the number of outcomes that make the event happen, and then ei-
ther multiply it with the probability of each outcome, or divide it by the
total number of possible outcomes. The idea is very simple. But the key
condition for this approach to work is that each outcome is equally likely.

Example 1.3. (Is each outcome equally likely?) In general, whether each out-
come is equally likely is a very easy question to answer. Take coin toss as
an example. Each possible outcome is equally likely only if the coin is fair.
In some problems, however, this equal-probability-condition becomes less
obvious.

The classical brain teaser of Monty Hall Problem is a deceptively simple,
yet misleading, probabilistic puzzle. You are in a game show and presented
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with three closed door. The host knows what is behind each door, but you
don’t. All you know is that there is nothing behind two of the doors, and a
brand new car that is worth tens of thousands of dollars behind one of the
doors. You are to open one of the doors and claim what is behind.

The game plays like this. At the beginning you are asked to pick a door.
Then the host will open one of the remaining two doors to show you that
there is nothing behind it. Now you have to make a choice.

1. Stick to your original choice of the door.
2. Pay $10 and switch to the other closed door.

There is no “pay $10” for switching in the original version of the problem.
It is added here as a tie-breaker. What should you do?

One argument is for Choice 1. Think about it. Now there are two closed
doors left. One door has a car behind it and the other has nothing. Thus
the chance of each door having a car behind it is 50%. Paying $10 to switch
to the other equal-probability door is a losing play.

The mistake in this argument is to assume implicitly that each door has
an “equal probability” to have the car behind it. Actually, when you have
selected a door at the beginning of the show, the probability that it has a car
behind it is one third. This probability will not change regardless of what
has happened afterwards. Thus, the probability that the other door has a
car behind it is two thirds. Paying $10 to have an extra one third chance to
claim a new car is a winning play. The correct action is Choice 2.

Example 1.4. A standard 52-card deck has 26 red cards and 26 black cards.
For a well shuffled deck,

1. what is the probability that the first card is red?
2. what is the probability that the second card is red?

Solution: The answer to the first question is rather trivial. The correct prob-
ability is

26 1

52 2
because every card is equally likely to be the first card.

What is more interesting is the second question. Because the way this

question is phrased, many of us will get busy since it is very natural to
think that the outcome of the second card should be affected by the first

card. This reasoning can be summarized in the following tree.



1st=red 1st=black
zS/V &/51 26/5/ &/51
2nd=red 2nd=black 2nd=red 2nd=black

Therefore, the probability for the second card to be red is the sum of all the
probabilities of the branches (paths) with red leaves:

1 25 1 26 1
P(path) = - - =+ - = = =.
path Wg&d leaf (P ) 2 51 - 2 51 2

This approach is entirely correct. It is actually based on our intuitive un-
derstanding of the conditional probability and the so-called law of total
probability, a powerful result to be established in full generality later.

Incidentally, there is a simpler way to solve the second question. Ignore
the first card. The total number of possible outcomes for the second card
is 52, each one equally likely, half of them red. Thus the probability of the
second card being red is one half. By the same token, the probability of the
third card (fourth, fifth, ...) being red is also one half.

Example 1.5. Toss a fair coin n times, what is the probability that there are
even number of heads? This is an extension of Example 1.2 where n = 3. If
you try a few more cases with small #n, you will convince yourself that the
probability is most likely 50% for all n. But how do we justify it?

The most natural method is probably counting. After all, every outcome
is equally likely. However, you will soon realize that counting the number
of outcomes with even number of heads is not easy. Yes, if you get creative,
you can solve this counting problem in a very elegant way. But this is not
the approach we wish to investigate, for a couple of reasons: (1) the trick of
counting for this problem lacks generality; (2) we wish to develop a method
that works even if the condition of equal probability fails (thus we cannot
use the counting method).

The idea is to study the behavior the probability with n as a parameter.
We would like to know how this probability changes according to n. To
this end, define

X, = P(even number of heads in 1 tosses),



which is exactly the quantity of interest. We emphasize that the index # is
important, since our goal is to find out how x, evolves as n changes. For
general n, consider the following tree.

start

1st=H 1st=T
1—xn/ \ 1—x7,/ \
Oddin (n —1) Evenin (n —1) Oddin (n —1) Evenin (n — 1)
It follows that
1 1
= Y P(path) = J(1— 1)+ oy = 5.

path with red leaf

This technique is called first step analysis, very useful in probability and
optimization. The similarity to Example 1.4 is obvious. Thus it is not sur-
prising that this technique is also based on the law of total probability. The
term first step does not necessarily mean the first action in a sequence. For
example, we can define the first layer of the tree according to the outcome
from the last toss instead.

Example 1.6. Let us look at a generalization of Example 1.5, where we drop
the assumption of a fair coin and assume P(H) = p for some 0 < p < 1.
Method of counting is not useful because the outcomes are no longer
equally likely. However, first step analysis still works. Using the same
terminologies and notation, we have the same tree but with different prob-

abilities.
start
T T
1st=H 1st=T
1—x, / yl 1—x, / \
Oddin (n —1) Evenin (n — 1) Odd in (n — 1) Evenin (n —1)
It follows that

Xn=p(1=xp-1)+(1=p)xu-1 = p+(1-2p)xu-1,
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with the trivial initial condition x; = P(T) = 1 — p. This gives us a re-
cursive way to compute each x,. For such a simple difference equation,
one can actually solve it explicitly. To this end, observe that the difference
equation amounts to

1 1
Yy =5 = (1-2p) (xnl — §>

Repeatedly applying this relation, we have
L SE T 1
=5 = (1-2p) (xnl 2> = (1-2p) (xnz 2>
1

_ - n—1 o _1 _1 o n
— -2t (1-p-3) = a-2
Therefore,
1
xn:§[1+(1—2p)n].

Example 1.7. Randomly select a point from a disc. What is the probability
that this point is less than half of the radius to the center?

The radius of the red disc is half of the gray one. The question is asking the
probability that a random selected point from the gray disc falls into the
red disc. It is quite intuitive that the probability should be

area of green disc (1 > 2

1
area of red disc 2 4
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Our intuition is based on the implicit understanding that each point in
the gray disc is equally likely if a point is randomly chosen from the disc,
and somehow we are counting the number of points by area. But now that
there are infinitely many points in the disc, what does equally likely mean in
this scenario? And how come area can be used as a way to count points?
Lastly, if points can be chosen with different likelihood, what model should
we use to describe this difference? How should we compute probabilities
then?

This example raises more questions than answers. We will answer them
when we introduce probability density functions.

1.5 Axioms of Probability

So far we have seen a few examples of computing probabilities without
even formally introducing the rules of probability. It is surprising that the
whole theory of probability is based on three simple axioms.

Let Q) be a sample space. The probability of an arbitrary event A C Q
is denote by P(A). It satisfies the following three axioms.

e Axiom 1: P(Q) = 1.
e Axiom2: 0 < P(A) <1 foreveryevent A C Q.

e Axiom 3 (countable additivity): If { A1, Ay, As, ...} is a sequence of dis-
joint events, then

P(AlUAQUAg,U'”): iP(An)

n=1

Introduced by mathematician Andrey Kolmogorov in 1933, these three ax-
ioms become the foundation of the entire theory of probability and statis-
tics. Their significance cannot be overstated.

1.6 Rules of Probabilities

With the three axioms, we can derive all the lemmas, propositions, and
theorems in probability and statistics. In this section we collect a few very
basic results.

Lemma 1.1. Let Q denote the sample space. Let A and B be arbitrary events.



° P(@) =0
e P(A)+P(A°) =1;
e P(AUB) =P(A)+P(B)—P(ANB);

e (finite additivity) Let n > 1 be arbitrary. Let {A1, Ay, ..., Au} be any
finite sequence of disjoint events. Then

P(AlUAzU---UAn) :P(Al)—f-P(Az)—}-—}-P(An)

Proof. The proof will be based on the three axioms. We first prove P()) =
0. Define a sequence of events {0, ), (), . . .}. By definition, this is a sequence
of disjoint events, whose union is again (. Thus

P(0)=POUOU---)=PD)+P(D)+---.

This identity cannot be satisfied unless P(()) = 0. This completes the proof
of the first claim.

Now we should prove the last claim of finite additivity. Define a se-
quence of events { A1, Az, ..., An, 0,0,...}. This is a disjoint sequence. There-
fore, by the axioms, we have

P(AjU---UA,UDUDU---)
= P(A1)+---+P(A,)+P(0)+P(0)+---

Since P(()) = 0, the finite additivity follows readily.

The second claim follows readily from the finite additivity and the ax-
iom of P(Q) = 1since ANA° = and AU A° = Q. As for the third claim,
we have the following Venn diagram:
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Define events A1 = A N B¢ (green), A, = AN B (blue), A3 = A°N B (gray).
It is not hard to verify that these three events are disjoint and satisfy

AitUA, = A, AsUA, =B, AfUAUA; = AUB.
Therefore, by finite additivity, we have

P(A) = P(A1)+P(A)
P(B) = P(As)+ P(A)
P(AUB) = P(A1)+ P(As) + P(A3).

It follows readily that
P(AUB) = P(A)+P(B)—P(Ay) =P(A)+ P(B)— P(ANB).

We complete the proof. |

1.7 Conditional Probability

We have seen conditional probability in Example 1.4. For example, given
that the first card in a well shuffled deck is red, the second card has a prob-
ability

25

51
to be red. In general, knowing an event A has happened may change our
view about another event B. An extreme scenario is when events A and B
are disjoint. Then knowing event A has occurred, we know event B cannot
happen!

Definition 1.2. Let A and B be two arbitrary events with P(B) > 0. The condi-
tional probability of A given B, denoted by P(A|B), is defined as

P(ANB)

P(AIB) = =55

If P(B) = 0, this conditional probability is undefined.

Example 1.8. Your probability textbook is missing. You recall this morning
you went to two lectures: APMA 1655 and MUSC 1610. You estimate a
60% chance that the book is still in the lecture room of APMA 1655; a 30%
chance in the room of MUSC 1610; and a 10% chance in a place you have
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no idea of. You rush to the lecture room of APMA 1655. The book is not
there. What is now the probability that the book is in the lecture room of
MUSC 1610?

Solution: This question is to find the conditional probability P(B|A€), where
the events A and B are simply:

A = {textbookis in the room of APMA 1655},
B = {textbookis in the room of MUSC 1610}.

Observing that B C A, we have

. P(BNAY P(B) 03 3
P(BA) = P(A9) ~ P(AY) 1-06 4

Example 1.9. Toss a possibly unfair coin n times. Given that there is in total
one heads, what is the probability that the first toss is heads?

Solution: Assume that P(H) = p. Again, this question is to find the condi-
tional probability P(B|A), where

A = {thereis in total one heads in n tosses},
B = {first toss is heads}.

The event B N A is simply that the first toss is heads and the rest (n — 1)
tosses are all tails. Therefore,

P(BNA)=p(1—p)" .

In order to compute P(A), we observe that there are n possible ways A
can happen: the heads appears in the k-th toss and the rest are all tails,
for k = 1,2,...,n. Each of these outcomes has probability p(1— p)"~! to
happen. Thus

P(A) =np(1-p)"".

It follows that

P(B|A) = P(BNA) p(l—-pt 1

P(A) — mp(l—p) ' n

Actually, given that there is only one heads, it is equally likely for the heads
to appear in any toss.
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Example 1.10. You are playing poker with your friend. You are dealt a
pair of kings. A few raises and re-raises later, your friend goes all-in. You
know your friend will only go all-in with four types of hands: a pair of
aces, kings, queens, or ace-king. What is the probability that you are facing
a pair of aces, the only hand that is ahead of yours?

Solution: Let us use A for ace, K for king, and Q for queen. This question
is asking the conditional probability P(E|F), where the events E and F are
given by

E = {your friend has AA},
F = {your friend has AA, KK, QQ, or AK}.
Since E C F, we have

P(ENE) P(E)
PER = "5 = ()

Because you have two kings in your hand, there are 50 cards out there (52
cards minus two kings). Your friend can be dealt with any one of the

50

2
combinations of two cards, all equally likely. Among them, the number of
combinations for AA, KK, QQ, AK are respectively,

Q) Q) )+

Therefore,

and




Interested students may also want to do the following exercises: if you call
your friend’s all-in, what is your overall chance of winning/tying/losing
the hand? Here is the rough winning probability for KK:

KKvs AA: 20%, KKvsQQ:80%, KK vsAK:65%

Exercise 1.11. The purpose of this exercise is to explain that conditional
probability behaves just like a regular probability. More precisely, fix an
arbitrary event C with P(C) > 0. For any event A C Q, define

Q(A) = P(A|C).
1. Show that Q satisfies the three axioms of probability.

2. For any events A, B C Q with Q(B) > 0, we can similarly define the
conditional probability for Q:

Q(ANB)
Q(B)

Show that Q(A|B) = P(A|B,C). Here P(A|B,C) or P(A|BC) is an
alternative notation for P(A|BNC).

Q(A[B) =

1.8 Multiplication Rule

The definition of conditional probability directly leads to the so-called mul-
tiplication rule of probability: for any two events A and B,

P(ANB) = P(A)P(B|A) = P(B)P(A|B).

This rule holds even if P(A) = 0 or P(B) = 0. It says "the probability that A
and B both happen equals the probability that A happens, multiplied by the (condi-
tional) probability that B happens, given that A has happened.” This rule agrees
with our intuition quite well and has been used in our calculations implic-
itly. For example, randomly select two cards from a deck, the probability
that they are both red is

26 25

Zx =

52 51
where the first fraction is the probability that the first card is red and the
second fraction is the conditional probability that the second card is red,
given that the first card is red.
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This multiplication rule can be easily generalized to a sequence of events.
That is, for any events { A1, Ay, ..., An}, we have

P(A1A;y - - Ay) = P(A1)P(Az|A1)P(A3|A1Az) - - - P(A|A1Ay - - - Apy).

We will leave its proof as an exercise to interested students. Please note that
here we have used notation AB = AN B.

Example 1.12. Randomly put 8 checker pieces onto an 8 x 8 checkerboard.
What is the probability that no two pieces are in the same row or same
column?

Solution: The first piece can be put anywhere on the checker board. Once it
is put down, there are (82 — 1) ways to put the second piece, among which
(8 — 1)2 of them will be in a different row and column than the first piece.
Repeat this discussion for the third, fourth, ..., eighth piece. The probability
of interest, by the multiplication rule, is

(8—1)* (8—-2) 8-7)* (71)?

82—-1 82-2 82 -7  63:62----- 57

1.9 Independent Events

Two events A and B are said to be independent if P(AN B) = P(A)P(B).
Intuitively speaking, if two events A and B are independent, then whether
event A happens or not has no impact on event B, and vice versa.

We have been using independence implicitly already. For example, toss
a coin with P(H) = p three times. What is the probability that the outcome
is THT? The probability of the first (or the third) toss being T'is (1 — p), that
of the second toss being H is p. Therefore, the probability that the outcome
is THT is simply the product of these three individual probabilities:

(1-p)xpx(1—p)=p(1-p?*

Our implicit assumption in the computation is that the coin tosses are inde-
pendent of each other. This is a very natural assumption since the outcome
of one toss should not affect the outcome of the other.

Many people believe that randomness eventually evens out. For exam-
ple, if someone tosses a coin five times and gets five heads, then he would
think the next toss is more likely to be tails since heads and tails should
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even out and tails is overdue. This is commonly referred to as the gambler’s
fallacy. Since coin tosses are independent, the chance that the next toss is
tails is always 50% (assuming the coin is fair), regardless how many heads
you get in a row previously. Of course, if you get twenty heads in a row,
you should worry that it may not be a fair coin (or a two-headed coin), but
not about the independence of tosses.

Lemma 1.2. Let A and B be two arbitrary events. Then A and B are independent
ifand only if P(B) = 0 or P(A|B) = P(A).

Lemma 1.3. Let A and B be two independent events. Then A and B are inde-
pendent, so are A° and B, A° and B°.

The proof of these two lemmas is very straightforward from definition, and
thus omitted.

The definition of independence for multiple events { A1, Ay, ..., Ay} is
slightly more complicated. We say they are independent if any subcollec-
tion {Ajv Ajyyeey Ajk} satisfies

P(Ajl mAjz M-- ‘mAjk) = P(Ajl)P(Afz) T 'P(Ajk>

forany kand any 1 < j; < jp < --- < jr < n. In practice, independence
usually arises naturally or is assumed within reason. It is rare that one has
to verify the definition of independence.

Example 1.13. (serial system vs. parallel system) There are n independent
components, each having probability p to function properly. What are the
probabilities that these systems function properly?
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Solution: The serial system functions properly if and only if every compo-
nent does so. Therefore, by independence,

P(serial system functions) = p".

In contrast, the parallel system functions properly if and only if at least one
component does so. In other words, the parallel system fails if and only if
every components fails. Therefore, by independence,

P(parallel system functions) = 1 — P(parallel system fails)
= P(every component fails) = 1— (1—p)".

Example 1.14. (independent events vs. disjoint events) Independence should
not be confused with disjointness. A common misconception is that two
disjoint events are independent. But think about it, if events A and B are
disjoint, then event A happens means event B cannot happen, and vice
versa; if event A does not happen, then event B has a higher chance to hap-
pen, and vice versa. Therefore two disjoint events are very much dependent
(of course, they can be independent, but only in the trivial cases when one
of the events has probability zero).

Example 1.15. Here are a couple of curious cases of independence. They
illustrate the distinction between the mathematically defined ”indepen-
dence” and the common sense “independence”.

1. If A and B are independent and A and C are independent, are A and
B U C independent?

2. Three events A, B, C are pairwise independent. That is, A and B are
independent, B and C are independent, and A and C are independent.
Does this imply that the events { A, B, C} are independent?

The answer to either is "No”. Consider the following example. Toss a fair
coin twice. Define

A = the first toss is heads
B = the second toss is heads
C = there is exactly one heads in two tosses.

It is not hard to compute that

P(A)=P(B) =2, P(C)= P(HT)+P(TH) = ;
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1

=7

It follows that the events A, B, C are pairwise independent, which satisfies
the conditions for both Questions 1 and 2. However,

P(AB) = i, P(AC) = P(HT) = i, P(BC) = P(TH)

BUC = {HH,HT,TH}, AN (BUC)={HH,HT}, ANBNC = 0.

From here, one can easily verify that A and B U C are not independent, nei-
ther are { A, B, C}. This example shows that mathematically defined “inde-
pendence” is weaker than the common sense “independence”.

Exercise 1.16. Let A and B be independent with P(A) = P(B) = 1/2. Let
C = AB°U A°B. Show that {A, B, C} are pairwise independent, but A and
B U C are not independent, neither are { A, B, C}. This is a generalization of
the counterexample in Example 1.15. Hint: use Lemma 1.3.

1.10 Law of Total Probability and Bayes” Rule

We have used law of total probability in Examples 1.4, 1.5, and 1.6. There is
nothing mysterious about it. The law can be easily visualized as “summing
up branches in a tree”.

Here is a general version. Let {By, By, . .., B, } be a partition of the sam-
ple space ). By partition, we mean that all these B;’s are disjoint and
BiUB,U---UB, = Q. In other words, one and only one event in the
collection {Bi, By, ..., B,} must happen. Let A be an arbitrary event.

Law of Total Probability.

n n

P(A)=) P(ANBy) = ) P(A|By)P(By).
k=1 k=1

Bayes’ Rule. Foralli=1,2,...,n,

P(ANB) P(A|B;)P(B)
P(Bi|A) = P(A) ~ Li, P(A[B)P(By)

The proof of these two results are trivial. In particular, Bayes’ rule fol-
lows directly from the definition of conditional probability and law of total
probability. As for law of total probability, it is simply the finite additivity
of probability, when one realizes that { AN By : k=1,2,...,n} are disjoint
and their union is A.
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It is much more intuitive and convenient to represent law of total prob-
ability and Bayes’ rule in a tree diagram. Each path or branch represents
B; N A for some i, and its probability is the product of the probabilities
along the branches (multiplication rule). When we sum up the probabili-
ties of all paths or branches, it gives us the probability of A (law of total
probability). If we are trying to compute the conditional probability (say)
P(B1]A), it will be the probability of the red path divided by the sum of
all the paths (Bayes’ rule). We encourage you to figure out what partition
{B1, By, ..., By} is used in Examples 1.4, 1.5, and 1.6, respectively.

Example 1.17. A drunkard randomly removes two letters in the message
"HAPPY HOUR” that is attached on a billboard in a pub. His drunken
friend puts the two letters back in a random order. What is the probability
that "HAPPY HOUR” appears again?

Solution: This can be done by law of total probability. We will divide the
sample space up according to if the letters removed are the same or not.

By = {drunkard removes two different letters},

B, = {drunkard removes two identical letters}.
Given that B; happens, his friend has 50% chance to put them back cor-

rectly. Given that B, happens, the chance is 100%. Note that only letter "H”
and "P” appear twice in the message. Thus

P(B)) = -2 — L, P(B))=1—P(By) = +7.

9 18’ 18
2

We have the following tree.
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0.5

HAPPY HOUR HAPPY HOUR

By law of total probability (summing up the branches), the probability of
interest equals

17 1.1, 19

18 218~ 36
Example 1.18. Your friend has chosen at random a card from a standard
deck of 52 cards. You have to guess the card. Before doing so, you are
allowed to ask your friend a “"yes/no” question, and your friend must an-
swer truthfully. For example, you can ask questions such as ”is the card
red”, or ”is this card one of ace of spades, queen of hearts, and two of
clubs”. What question should you ask to maximize your chance of guess-
ing the correct card?

Solution: The correct answer is that any reasonable question will do. By
“reasonable” we mean questions that are relevant to cards. Not questions
such as ”is the weather good today”, which yield no information on the
card whatsoever. The key to solving this problem is to realize that any
“yes/no” question essentially amounts to a partition of the sample space
of 52 cards into two pieces, one piece corresponding to the answer “yes”,
the other "no”.

Now let us assume that your question will leave n cards in the “yes”
and 52 — n cards in the "no”. We will have the following tree.
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guess correctly guess correctly

By law of total probability, your overall chance of guessing the card cor-

rectly is
n 1 52—n 1 1

52 n 52 52-n 26
regardless of the value of n. That is, all reasonable questions will double
your chance from 1/52to 1/26.

Example 1.19. This is a variant of the Monty Hall Problem. There are three
identical cards, one red on both faces (RR), one green on both faces (GG),
and one red on one face and green on the other (GR). A card is randomly
drawn and you are shown at random one face of the card. Given that you
see the color red, what is the probability that the other face of the card is
also red?

Solution: The question is asking the conditional probability of the card be-
ing RR given that you see a red face of the card. Once you see red, you
know there are only two possibilities: the card is either RR or GR. Thus it is
rather tempting (but wrong) to say the probability is 50% for the card to be
RR. Let us use Bayes’ rule to find the correct conditional probability. Define

B; = {cardis RR}
B, = {cardis GG}
B; = {cardis GR}

A = {yousee ared face}.

Then question is asking P(B1|A). See the following tree. By Bayes’ rule, the
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conditional probability is

P(ByA) = %
P(B1)P(A[By)

P(B1)P(A|B1) + P(B2)P(A[Bz) + P(B3) P(A|Bs)

1

see red see red

Example 1.20. Bayes’ rule can explain why many medical tests have a high
"false positive” rate. For example, suppose 1% of a population are con-
tracted with a certain type of disease. There is a medical test for this dis-
ease that is 99% accurate. That is, 99% of the people who have the disease
will test positive and 99% of the people who do not have the disease will
test negative. If a patient is tested positive, what is the probability that the
patient is actually contracted with the disease?

Solution: Define B = {patient has disease} and A = {patient tested positive}.
The question is asking for P(B|A). By Bayes’ rule,

P(ANB) P(A[B)P(B)
PBIA) = —p0ay" = PrAIBIP(B)+ P(ABIP()
_ 0.99 x 0.01 _ 500

0.99 x 0.01+0.01 x 0.99
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no disease

1%

disease

99%

test positive test positive

To explain the high false positive rate, imagine that we test everyone
in the population for the disease. Some of those who have the disease will
test positive, and some of those who do not have the disease will also test
positive. Even though for the latter the chance of testing positive is rather
low, the population without the disease is much larger compared to the
population with the disease (in our example, it is a whopping 99:1 ratio).
Consequently, lots of the positives will actually come from those who do
not have the disease, especially if the disease is rare. Thus, if someone is
tested positive, it very likely comes from a patient who does not have the
disease.
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Chapter 2

Preface on Random Variables

Before we start a systemic study of random variables, let us give a brief
overview.

Let () be a sample space. A random variable is a function defined on Q.
A random variable X : () — R associates each possible outcome or sample
point w € Q with a numerical value X(w) € R. When there are multiple
random variables involved, it is always assumed that they are defined on
the same sample space (3. With the introduction of random variables, one
can focus on important aspects of the outcomes, without worrying about
the details of the sample space. For example, in stochastic modeling it is
often the case that assumptions and conditions are imposed upon relevant
random variables directly, instead of the underlying sample space.

In the dealing of random variables, the dependence on w is often suppressed
for notational convenience. We list a few examples of abbreviations.

1. {X < 5}: this denotes the event {w : X(w) < 5}.
2. P(X > 1): this denotes the probability P({w: X(w) > 1}).

3. X + 3Y: when there are multiple random variables (say) X and Y,
algebraic operation such as X + 3Y defines a new random variable

X+3Y: w— X(w)+3Y(w).
4. For any function h : R — R, h(X) denotes the composition h o X :
O — R, which is also a random variable. That is,
h(X):wr (hoX)(w) =h(X(w)).

For instance, if h(x) = x2, then h(X) = X?; if h(x) = (x —a)™, then
h(X) = (X—a)", and so on.
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2.1 Distributions of Random Variables

In probability and statistics, you will often hear people say things such as
"X is a standard normal random variable”, or Y is Poisson with parameter
...”, and so on. What these names stand for is the distribution of a random
variable. So what is distribution?

The distribution of a random variable is a common terminology refer-
ring to the detailed probabilistic properties of the random variable. Know-
ing the distribution amounts to knowing the probability of this random
variable taking values in any range. This explanation still seems a bit vague.
Let us use some examples to illustrate this concept.

Example 2.1. If we are told that a random variable X has Poisson distribu-
tion with parameter 3, then we know precisely what the distribution of X
is, that is, X can only take values of nonnegative integers {0, 1,2, ...} with
the probability mass function (pmf) given by
3x
px(x) = P(X=x)=¢7- = 0,1,2,...

With the probability mass function px(x), we can compute the probability
of X falling into any range. For instance, take an arbitrary interval (say)
[1.2, 3], the probability that X falls into that interval is simply

P(12<X<3)= Y px(x),

1.2<x<3

which equals P(X = 2) + P(X = 3). With the probability mass func-
tion, we can also compute important quantities associated with this ran-
dom variable, such as mean and variance.

Example 2.2. If X is said to be a standard normal or have the the standard
normal distribution, then we know precisely what the distribution of X is,
that is, X can take any real values, with the probability density function (pdf)
given by

1
fx(x) = e, o0 <x< 0.

As of now, we can intuitively regard the probability density function as a
curve of “relative likelihood”. Therefore, it is more likely for X to be closer
to 0 than away from it. Again, with the probability density function fx(x),
we can compute the probability of X falling into any range. For instance,
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Figure 2.1: Probability density function of N (0, 1).

take an arbitrary interval (say) [1.2, 3], the probability that X falls into that
interval is simply

P(12< X <3)= 12 Fx(x) dx.

With the probability density function, we can also compute important quan-
tities associated with this random variable, such as mean and variance. B

The Poisson and normal distributions in Examples 2.1 and 2.2 belong
to the family of special distributions. But most random variables and their
distributions do not belong to this family. This is not a problem at all. We
can still use probability mass function or probability density function to
describe the distribution of a random variable. In this sense, one can also
equate the distribution of a random variable with its probability mass func-
tion or probability density function.

2.2 Different Types of Random Variables

The Poisson random variable in Example 2.1 is very different than the stan-
dard normal random variable in Example 2.2. The former can only take
discrete values, while the latter can take a continuum of possible values.
For this reason, random variables such as Poisson are said to be discrete,
while random variables such as standard normal are said to be continuous.
This distinction is also the reason that we use probability mass functions for
the former and probability density functions for the latter, to describe their
distributions, respectively.

There is a universal measure-theoretic approach to treat all random
variables and study their numerical properties simultaneously, be it dis-
crete or continuous. However, due to its higher technical requirements,
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such an approach is often replaced by a more pragmatic treatment, where
we have to treat discrete and continuous random variables separately. It is
inconvenient and incomplete, but we will have to make do.

Remark 2.1. We should mention that there are random variables that are
neither discrete or continuous. Consider the following example. You toss
a fair coin once. If heads comes up, you receive 40 cents. If tails comes
up, a number is chosen at random from interval [0, 1] and you receive the
dollar amount equal to that number. Let X be the amount you receive (in
dollars). Then X has a 50% chance to be 0.4 and 50% chance to be a random
number on interval [0, 1]. This random variable is sort of in the middle.
It is not discrete because it can take a continuum of values. Neither is it
continuous because it can take a specific value with positive probability,
namely, P(X = 0.4) = 0.5. One cannot use a probability mass function nor
a probability density function to describe its distribution.

2.3 Cumulative Distribution Function

Before we start the discussion on discrete and continuous random variables
from the next chapter, we would like to introduce a universal concept that
works for all random variables. Given a random variable X : Q — R, its
cumulative distribution function (cdf) is defined to be a function F : R —
[0, 1] such that for x € R,

F(x) =P(X <x).
There are a few properties regarding cumulative distribution functions:
1. Fis nondecreasing with 0 < F(x) < 1.
2. F(—oo0) =0and F(c0) = 1.
3. Fis continuous from the right, that is, lim, |, F(x,) = F(x) for all x.

Property 1 and 2 are rather obvious. As for Property 3, intuitively it should
be correct since events {X < x,} | {X < x} when x, | x. But if one
wants to be meticulous, a proof is necessary. We leave it as an exercise to
interested students; see Exercise 2.4.

Cumulative distribution functions are important in a couple of ways.
First of all, it can be defined for any random variables, be it discrete, con-
tinuous, or of any other kinds. Secondly, it determines the probability of
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X within any range. That is, cumulative distribution function completely char-
acterizes the distribution of a random variable, which in turn determines the
important numerical characteristics of a random variable such as expected
value, variance, and so on. In this sense, one can also equate the distribu-
tion of any random variable with its cumulative distribution function.

This also implies that there must be a one-to-one correspondence be-
tween cumulative distribution functions and probability mass (resp. den-
sity) functions for discrete (resp. continuous) random variables. We should
discuss their relations in details in future chapters.

Example 2.3. Let us revisit the random variable X in Remark 2.1 and deter-
mine its cumulative distribution function. Recall that you toss a fair coin.
If it is heads, then X takes the value 0.4; if it is tails, X takes the value of a
random number from interval [0, 1].

Note that X can only take values in [0, 1] regardless. Therefore, it is
trivial that F(x) = P(X < x) should equal 0 if x < 0 and 1 if x > 1. Now
take any x € [0, 1]. By the law of total probability, we have

P(X<x) = P(X<x|heads)P(heads)+ P(X < x| tails) P(tails)
0.5P(X < x| heads) 4+ 0.5P(X < x | tails).

The first conditional probability on the right-hand-side is 1 if x > 0.4and 0
if x < 0.4, because X = 0.4 given heads. The second conditional probabil-
ity should be x (see also Example 1.7). Therefore the cumulative distribu-
tion function is

0 ifx <0
0.5x f0<x<0.4
05+05x if04<x<1"°
1 ifx>1

1
.y /

0.2

0.4 1
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This function is continuous at all points except at x = 0.4, where it makes a
jump of size P(X = 0.4) = P(heads) = 0.5. You can verify that F(x) satis-
ties all three properties mentioned at the beginning of this section: nonde-
creasing, right-continuous, and always take values in [0, 1]. |

Exercise 2.4. (continuity from above) Let {B1, By, ...} be a decreasing se-
quence of events. Thatis, By O B, O ---. Let B = BiNByN---. Use
the axioms of probability to show that

P(B) = nlg?o P(By).
Exercise 2.5. (continuity from below) Let {By,By,...} be an increasing se-

quence of events. Thatis, By C By C ---. Let B = B UB, U --. Use the
axioms of probability to show that

P(B) = lim P(B,).

n—oo
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Chapter 3

Discrete Random Variables

A random variable X is said to be discrete if X takes values in a finite or
infinite sequence {x1, x2,...} C R. Without loss of generality, we assume
all these x;’s are distinct. The distribution of X is completely determined
by its probability mass function (pmf) p : {x1, x2,...} — [0, 1] with

p(xi) = P(X = xi),

which must satisfy

p(x;) >0, Y p(x;)=1.
X
The cumulative distribution function (cdf) F : R — [0, 1] of X, defined by

Fix)=P(X<x)= Y P(X=x)=) px)
x;<x X <x
is a step function that makes jumps at points {x;} with jump sizes {p(x;)},
respectively. It is not difficult to see that the probability mass function and
cumulative distribution function uniquely determine each other.

Example 3.1. Consider a discrete random variable that take three possi-
ble values {x1, x2, x3} in ascending order, with the respective probability
{0.2,0.5,0.3}. The corresponding probability mass function and cumula-
tive distribution function are given in the following figure. The latter is a
step function, right-continuous, where jumps occur at x1, x2, x3 with jump
size p(x1), p(x2), p(x3), respectively. We would also like to take this chance
to introduce a useful notation:

F(.X‘) =0.2- 1(x1,x2] (.X‘) +0.7- 1(x2,x3] (.X') + 1[x3,oo) (.X')
where those indicator functions 1¢(x) take value 1 if x € E and 0 other-

wise.
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‘ 0.2 ‘
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Definition 3.1. Let X be a discrete random variable that takes values in
{x1, x2, .. .}. Then its expected value (or expectation, mean), variance, and
standard deviation are defined as

E[X] = inP(X:xi)
Var[X] = E[(X-E[X])?] = Z(xi—E[X])ZP(Xin)
Std[X] = 4/Var[X]

The expected value or mean of a random variable is the average of all
possible values weighted by their respective probabilities. Variance mea-
sures the “spread” or ”“variation” of a random variable. The larger the vari-
ance, the more variation a random variable can have. When variance is
close to zero, then the random variable will mostly take values in a tight
range and stay close to its own mean. It is the opposite when the variance
gets larger. For example, comparing the two probabilities mass functions
in the following figure. The one on the right has a smaller variance than the
one on the left, since its range is visibly tighter.

NI TM
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There are other ways to measure the variation of a random variable.
For example, E|X — E[X]| measures the average absolution deviation from
the mean, which is another very natural way to define variation. However,
there are at least two important reasons that people have adopted the cur-
rent definition of variance: (1) It is mathematically much easier to work
with squares than other functions such as absolute values; (2) Arguably the
most important result in probability theory, central limit theorem, needs two
parameters: expected values and variance (from this definition).

Lemma 3.1. Let X and Y be any discrete random variables. Let a, b be any con-
stants and h : R — R a given function. Then

1

S 4o LN

. ElaX+0b] =aE[X]+

b

E[aX+bY] =aE[X]|+ bE[Y]

Var[X] = E[X?] — E?[X]

E[h(X)] = Xy h(xi))P(X = x;), if X takes values in {x1,x2,...}

Var[aX + b] = a?Var[X]

Var[X] = 0 ifand only if X = c for some constant c.

Proof. Throughout the proof we assume that X takes values in {x1, x2, ...}
and Y takes valuesin {y1, y2,...}.

1. The identity is trivial when a = 0. Assume now a # 0. Then aX +
b is a discrete random variable that takes values in {ax; + b, ax, +
b, ...}, with respective probability P(aX + b = ax;+b) = P(X = x;).
Therefore, by definition

E[aX+ b]

. Define Z = aX +bY.

= Y(ax;+b)P(X=x,)
= QIinP(X:xi)—I—bZP(X:xi)

= aE[X]+D.

Then Z is a discrete random variables that takes

values in {z1,z3, ...} where each z; is equal to ax; + by; for some i

and j, and

P(Z = z)

= )y P(X=x;, Y =yj)

(xiyj): axi+by; =z
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It follows that (by exchanging the order of summation in some steps)
E[Z] = Y zuP(Z=z)
Zk

= sz Z P(X:xi,Y:yj)

Zk  (xpyj):axi+byj=z;

= Z Z (axi + by])P(X = X, Y = y])
Zk (x;,y;j): ax;+by =z

= Z (axi + by])P(X = X, Y = y])
(xi,y5)

= YYaxiP(X=x,Y=yj))+) Y byP(X=x;, Y = y)
Xi y]

Yj Xi
= YaxP(X=x)+Y by;P(Y =y;)
Xi Yj
— aE[X]+ bE[Y].

The first three equalities in last display is to overcome the little hassle
that ax; + bx; may take the same value for different (i, j)'s.

3. Note that (X — E[X])? = X2 — 2E[X]|X + E?[X]. Then by definition of
variance and Parts 1 and 2, we have

Var[X] = E[X?] — 2E[X]E[X] + E*[X] = E[X?] — E*[X].

4. The proof is similar to that of Part 2. Once we observe that Z = h(X)
is a discrete random variable that takes values in {z1, zp, ...} with
each z; = h(x;) for some i, the rest of the proof is very similar and
thus omitted.

5. Denote Z = aX +b. Then E[Z] = aE[X]+ b from Part 1, and Z —
E[Z] = a(X — E[X]). The claim follows from the definition of variance
and Part 1.

6. If X = ¢ for some constant ¢, then it is trivial from definition of vari-
ance that Var[X] = 0. For the other direction, note that by defini-
tion Var[X] = 0 if and only if (x; — E[X])?> = 0 for all i such that
P(X = x;) > 0. Therefore, x; = E[X] for all such i. We complete the
proof. [ |

Example 3.2. An insurance policy pays $100 per day for up to two days of
hospitalization and $50 per day for each day of hospitalization thereafter.

33



The number of days of hospitalization, X, is a discrete random variable
with probability mass function

5—x
px(x) = 0 Lief1,23,4)

Determine the mean and standard deviation of the payment of hospitaliza-
tion under the insurance policy.

Solution: For this problem, it is probably easiest to express the probability
mass function, as well as the payment using a table. Note that the payment
Y is indeed a function of X.

X 1 2 3 4
px(x) 04 03 02 0.1
Payment y | 100 200 250 300

E[Y] =0.4-100+0.3-200+0.2- 250+ 0.1- 300 = 180
E[Y? =0.4-100% + 0.3-200% + 0.2 - 250* + 0.1 - 300% = 37500
Var[Y] = E[Y?] — E?[Y] = 37500 — (180)* = 5100.

In other words, the expectation and standard deviation of the payment are
$180 and $v/5100 ~ $71.4, respectively. |

Example 3.3. A company has a rule regarding holidays. Every employee
of the company can take a day off if it happens to be the birthday of an
employee. There are no other holidays. Every employee works 8 hours
on every working day. How many employees should this company hire to
maximize the expected total number of working hours from all employees
during a whole year? For simplicity we assume that there are 365 days in a
year every year.

Solution: Suppose that the company will hire n employees. We will use
indicator random variables to analyze the number of holidays. Define for
each1 < k <365

% { 1 if Day k is not the birthday of any employee
k= .

0 otherwise

The total number of working days in a year is

365
X=Y X
k=1
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and the total number of working hours in a year is 8nX (n employees, 8
hours a day, X working days). Furthermore,

P(Xy=1) = P(none of n employees have birthday on Day k)

=[] P(Employee i’s birthday is not Day k)
i=1

NETAN
\365)
Therefore, the expected total number of working hours (denoted by ¢,) is

- < 364\"
to= E[8nX] = 81 Y. E[X{ =81 Y P(Xe=1) = 8 <%> ,

In order to find the number n that maximizes the expected total number of
working hours T,, we observe that

bt _n+1 364
te  n 365’

which implies that
B <ty <---<t3eg = tze5 > t366 > tzg7 > - - .

Therefore, to maximize the expected total number of working hours the
company should hire either 364 or 365 employees.

Example 3.4. Suppose X is a nonnegative random variable taking values
on nonnegative integers. Show that

E[X]= Y P(X>n).
n=1
Proof. We introduce indicator random variable of form 1, for any event A C
Q. Tt is defined such that 14 (w) takes value 1 if w € A and 0 otherwise. It
is straightforward by definition that E[14] = P(A). Now we observe that

X = ; Tyxon} -

Indeed, when X = k for some nonnegative integer k, the right-hand-side

equals
k

Zl:k:X.

n=1
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It follows that

We complete the proof. |

Exercise 3.5. (standardization) Let X be a random variable with mean i and
variance o2. Define

Show that E[Y] = 0 and Var[Y] = 1. This random variable Y is said to be
the standardization of X.

Exercise 3.6. Given a random variable X, define a square loss function L(a) =
E[(X — a)?] for every a € R. Show that L is minimized at a = E[X].

3.1 Common Discrete Random Variables

In this section we collect some very commonly used discrete random vari-
ables.

Definition 3.2. Throughout the following definitions, 0 < p < 1 is as-
sumed to be a given constant.

1. A random variable X is said to be Bernoulli with parameter p if X
takes values in {0, 1} with

P(X=1)=p, P(X=0)=1-p.

2. A random variable X is said to be binomial with parameters (n, p),
denoted by B(n, p), if X takes valuesin {0, 1, ..., n} with

P(X =k) = <Z>pk(1 o)k, k=0,1,2,...,n.

Bernoulli distribution is a special case of binomial with n = 1.

3. A random variable X is said to be geometric with parameter p, if X
takes valuesin {1,2,3,...} with

PX=n)=(1-p)"'p, n=1,2,3,....
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4. A random variable X is said to be Poisson with parameter A > 0, if
X takes valuesin {0, 1,2,...} with

Ai’l
P(X=n) :ﬂﬁ’ n=0,1,2,....

Motivation for several of these random variables involves the so called bi-
nomial experiments. These are identical and independent trials that have
only two outcomes: “success” and “failure”. Assume that the probability
of “success” for each trial is p.

1. The total number of “success” in a single trial is Bernoulli with pa-
rameter p; this is trivial.

2. The total number of ”success” in n trials is binomial with parameters
(n,p),ie., B(n,p); this is because there are in total

n

k
ways for the k “success” to appear in the n trials. Each one these
outcome has the identical probability p*(1 — p)"~*.

3. The number of trials until the first “success” is geometric with pa-
rameter p; this is because the first “success” happens in the n-th trial
if and only if the first (n — 1) trials are "failure” and the n-th trial is a
”success”. The probability for such a sequence is (1 — p)" !p.

Example 3.7. (Poisson as a limit of Binomial) Suppose that we are interested
in the total number of emails we receive during an hour, a day, or any
amount of time. To model these numbers, which are obviously random,
we impose two assumptions:

1. numbers of emails received in non-overlapping time intervals are in-
dependent;

2. number of emails received in a very short time interval of length At is
approximately Bernoulli with parameter AAt for some positive con-
stant A.

Let X be the number of emails received during time interval [0, 1]. To find
out the distribution of X, we can divide the time interval [0, 1] into 7 subin-
tervals of equal length. Since At = 1/n, the number of emails on each
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subinterval is one (”success”) with probability p, = AAt = A/n and zero
(“failure”) with probability 1 — p, = 1 — A/n, approximately. The total
number of emails on interval [0, 1] can be viewed as the total number of
“success” in n trials (subintervals). Therefore, X should be approximately
B(n,p,) where p, = AAt = A/n, and the approximation should be more
accurate as n gets larger. This implies that forany k =0,1,2,...,

_(n\ (A AR Ak
P<X=k>:,}ir£‘o<k> (;) (“z) Y

here we have omitted details of the algebra and recalled the classical for-
mula for Euler’s number e:

1 X
lim (1 + —> =g,
X—00 X

This argument explains why Poisson can be viewed as a limit of binomial.
It is also for this reason that the parameter A is referred to as the ”arrival
rate” in many counting processes. n

Lemma 3.2. Here is the table of expected values and variances for these commonly
used random variables.

X E[X]| Var[X]
Bernoulli with parameter p p p(1—p)
Binomial with parameters (n,p) | np | np(l—p)
Geometric with parameter p 1/p | 1—p)/p?
Poisson with parameter A A A

Proof. The argument for Bernoulli random variables is trivial. However, We
defer the complete proof to Appendix A, using moment generating functions
for a comprehensive treatment. |

Example 3.8. Toss a fair die n times. Let X denote the total number of 6s.
What is the distribution of X? Whatis P(X > 1)?

Solution: It suffices to define that getting a six is “success”. Then clearly X
is B(n,1/6). Thus

p(xz1):1—p(x20):1—(1—%>”:1—<%>”.

Example 3.9. For each setup, specify the distributions of the relevant ran-
dom variables.
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1. Consider a binomial experiment with n independent and identical
trials and assume that the probability of “success” for each trial is p.
Let X denote the total number of “success” and Y that of “failure”
from these n trials.

2. Two fair dice (labeled 1 and 2) are tossed together n times. Let X
denote the total number of tosses where the face value from Dice 1 is
less than that from Dice 2.

Solution: For Part 1, it is immediate that X is B(n, p). In order to find the dis-
tribution of Y = n — X, itis useful to observe that the definition of “success”
and “failure” is relative. We can define the old “failure” as the new ”suc-
cess” and the old “success” as the new “failure”. Therefore, Yis B(n,1—p).

As for Part 2, we can define each trial as a toss of the two dice, and
define the outcome as a “success” if the face value of Dice 1 is less than
that of Dice 2. There are in total 6 x 6 = 36 outcomes when two dices are
tossed, among which 1 +2 + 3 44 4 5 = 15 of them are “success” (number
of pairs i and jwith 1 <i < j < 6). Thus P(success) = 15/36 =5/12,and
consequently X is B(n,5/12). [ |

Example 3.10. (Binomial or not Binomial) Consider the following two sce-
narios in random sampling.

1. 35% of teenagers in USA consider Instagram to be the most impor-
tant social network. Randomly select 5 teenagers. Let X denote the
number of those that regard Instagram as most important. What is
the distribution of X?

2. 35% of the members of a large of family of size 20 consider Instagram
to be the most important social network. Randomly select 5 mem-
bers from this family. Let Y denote the number of those that regard
Instagram as most important. What is the distribution of Y?

Solution: For the first question, the answer is B(5,0.35). One can regard
each teenager represents a “trial”: if he/she regards Instagram as most im-
portant, then the outcome is a ”success”; otherwise it is a “failure”. Each
trial has a chance 0.35 to be a success. Thus X, the total number of “suc-
cess”, should be binomial B(5, 0.35).

It seems that if we apply the same argument to the second question,
then we should also conclude that Y is B(5, 0.35). But this is incorrect. The
key observation is that these “trials” are not independent. The outcomes
of trials can affect one another. For example, if the first trial is a success
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(regards Instagram as most important), the probability of the second trial
being a success is not 0.35, but

7—1
20—17

since there are in total 20 X 35% = 7 members in the family that regard
Instagram as most important.

But now you will ask how come in the first question, we can regard X
as binomial? Wouldn’t the same argument also imply that X should not be
binomial? In the most strict sense, this statement of X not being binomial
is actually not wrong. Suppose the population size of teenagers in America
is N. Then given the first trial is a success, the second trial is a success with
probability

0.35N -1
N-1 ~
But because N is so large, this probability, in all practicality, is essentially
0.35 again. In other words, it is safe to say all the trials in the first question
are practically independent. Thus X is binomial.

This example is to show that in practice, samples from random sam-
pling are assumed to be independent, because the population size is mag-
nitudes larger than the sample size. If this condition fails, then the inde-
pendence assumption cannot be employed. |

Example 3.11. The trial in the definition of binomial experiments can be
quite complicated. For example, can we use a coin, whose probability of
heads is unknown to us, to generate a B(n,0.5) random variable?

Solution: The key for solving this interview question is to build a trial with
50% probability of “success”. If we can do that, then we simply perform
this trial n times and count the total number of “success”.

Here is one way to build such a trial. A single trial consists of tossing the
coin repeatedly, twice at a time. If the outcome is HH or TT, we continue.
We only stop when the outcome is either HT or TH. If the outcome is HT,
then the trial ends with a ”success”. If the outcome is TH, then the trial
ends with a “failure”. For instance, a single trial could look like this

(HH), (TT), (TT), (HT),

which stops at the 8th toss and ends with a “success”. In contrast, it may
also look like this
(TT), (HH), (TH),
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where the trial ends in the 6th toss as a “failure”.

The probability of “success” for such a trial equals the conditional prob-
ability that, given the outcome of two tosses is HT or TH, it is indeed HT.
Note that P(HT) = P(TH) = P(H)P(T). Therefore,

P(HT) 1

P(success) = P(HT|HTor TH) = B(HT) + P(TH) =5

Example 3.12. Repeatedly toss two coins, each with P(H) = p, simultane-
ously. Let X be the number of tosses until one coin shows heads and the
other shows tails. What is the distribution of X? Whatis P(X > n)?

Solution: Regard each toss as a trial, with success defined as HT or TH.
Then X is the number of trials until the first success. Since

P(success) = P(HT)+ P(TH) = 2p(1—p),

X is geometric with parameter 2p(1 — p). The event {X > n} amounts to
that the first n trials are all failures. Thus

P(X > n)=[1—P(success)|" = [1 —2p(1—p)]"

Example 3.13. Suppose that the number of lobsters a lobster fishing boat
can catch in a day is Poisson distributed with parameter A. However, some
of these lobsters must be put back into the water because of regulation, e.g.,
lobsters that are too big or too small, or female lobsters that are bearing
eggs, and so on. Assume that for each lobster caught it has probability p to
be put back into the water (independent of all other lobsters). What is the
distribution of the number of lobsters that a lobster fishing boat can catch
and keep in a day?

Solution: Let Y be the number of lobsters that a boat can catch in a day, and
X that a boat can catch and keep in a day. By assumption, Y is Poisson with
parameter A, and given Y = k, X is B(k, 1 — p). Therefore, for any n > 0,

o0

P(X=n) = Iip(xzn,yzk) = Y P(X=nY=K
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Plugging in the formula for binomial coefficients and reorganizing terms,
we have

ef)\(lfp) (1 _ p)nAn Q0 o—Ap (Ap)kfn

P(X=n) = n! = (k—n)!
_ ef)\(lfp) (1 _ p)”A” 00 ,—Ap (Ap)m
N n! mgo m!

Note that the infinite sum is actually the sum of the probability mass func-
tion of the Poisson distribution with parameter Ap, which must equal 1.
Therefore,
n
P(X=n)= e*A(lfp)M_
n!

That is, the number of lobster a fishing boat and catch and keep in a day is
Poisson with parameter A(1 — p). [ |

Exercise 3.14. (hard) Let X be a discrete random variable taking values on
positive integers {1,2,...}. Show that X satisfies the memoryless property:

P(X>k+n|X>k)=P(X>n)
for all n, k > 0 if and only if X is a geometric random variable.

Exercise 3.15. (Putnam 2002, hard) Shanille OKeal shoots free throws on
a basketball court. She hits the first and misses the second, and thereafter
the probability that she hits the next shot is equal to the proportion of shots
she has hit so far. What is the probability she hits exactly 50 of her first 100
shots?
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Chapter 4

Continuous Random Variables

Continuous random variables and discrete random variables are on the
opposite end of the spectrum. While discrete random variables can only
take values in a finite or infinite sequence, continuous random variables
can takes values in a continuum, for example, intervals like [a, b] or the
whole real line. In basic probability theory, the distributions of continu-
ous random variables are described by probability density functions. More
precisely, we say X : O — R is a continuous random variable if there
exists a probability density function (pdf), or simply density function,
f:R — [0, 00) such that for any set B C R,

P(XGB):/Bf(x)dx,

and

F(x)>0, /Rf(x) dx = 1.

It is immediate that for any continuous random variable the probability of
taking a specific value is zero, thatis, P(X = x) = 0 for any x € R. This is
very different from discrete random variables.

Note that by definition, the probability of X taking values in an interval
equals the area under the probability density function on that interval.
However, the values of a probability density function itself, which can of-
ten take values greater than one, cannot be directly regarded as probability.
There are a few ways to understand the meaning of a probability density
function of a continuous random variable in general.

1. Probability on a small interval. Consider any point x € R and a very
small interval around x with length Ax, say [a, b], where x € |[a, b]
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with b —a = Ax very small. Then
P(X € [a,b)) ~ f(x)(b—a) = f(x)Ax.

This is because the region under the density function f over a small
interval [a, b] around x is approximately a rectangle with height f(x)
and width (b —a) = Ax.

2. Density as relative probability weight. Even though the values of a prob-
ability density function do not directly relate to probabilities, their
ratios at different points do give the relative probability weight. To
be more precise, consider two points x, y € R, and two small inter-
vals around x and y with the same length, say x € [a,b], y € [c,d]
with Ax = b —a =d — c = Ay very small. By Part 1, we have

P(Xelab]) fl)b—a)_ f(x
P(Xeled)  f(y)d—c) fy)

For example, if f(x) = 2f(y), then the random variable X is twice as
likely to take values around x as around y.

3. Approximation by discrete random variables. Continuous random vari-
ables can be approximated by discrete random variables. Consider a
very fine partition —co < x1 < xp < --- < x, < 00, where 7 is large,
Ax; = xi41 — x; very small for each i, x1 a very large negative number,
and x, a very large positive number. Then a discrete random variable
Y with

P(Y = x;) = f(x;)Ax;

is a good approximation of X. Even though ¥; f(x;) Ax; may not equal
1, it should be close. This approximation is very helpful in under-
standing the intuition behind many definitions and “proofs” of this
section. Furthermore, this approximation implies that many results
for discrete random variables should carry over to continuous ran-
dom variables.

Lemma 4.1. Let X be a continuous random variable with probability density func-
tion f. Denote by F the cumulative distribution function of X, that is, F(x) =
P(X < x) for every x € R. Then

F0=F), Fo=[ fdy
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Proof. For an arbitrary x € R, take B = (—o0,x]|. By the definition of
probability density function, we have

F)=P(x<x)=P(XeB)= [ fydy= [ fay

By the fundamental theorem of calculus, f(x) = F'(x). |

Definition 4.1. Let X be a continuous random variable with probability
density function f : R — [0, co0). Then its expected value (or expectation,
mean), variance, and standard deviation are defined as

E[X] = /Rxf(x)dx
VarlX] = E[(X—E[X)?] = [ (x—EX)Pf(x)dx
Std[X] = 4/Var[X].

The meaning of expectation, variance, and standard deviation of a contin-
uous random variable is completely parallel to that of a discrete random
variable. If we view (correctly so) integrals as summations, then the sim-
ilarity between these definitions are obvious. Thus, expected value and
variance represent the average and variation of a random variable, respec-
tively. Comparing the two probability density functions in the following
tigure, the red one has a larger variance or more variation as it is not as
tight as the black one.

Which pdf has more variance?

Lemma 4.2. Let X be a continuous random variable with probability density func-
tion f,and h : R — R a given function. Then

Proof. This lemma is the version of Part 4 of Lemma 3.1 for continuous
random variables. We will present two intuitive arguments. One is to ap-
proximate h by piecewise constant functions, the other is to approximate X
by discrete random variables.
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o Argument by approximating h. Suppose that h is a piecewise constant

function with .
.X') - Z Cil[ai,bi] (.X')
i=1

where [4;, b;]’s are non-overlapping intervals and ¢;’s are constants.
For this type of functions /1, Y = h(X) is a discrete random variable
taking values in {c1, c2, . .., ¢, } with

P(Y =¢;) = P(X € [a;, b] /f

Therefore,

E[h(X)] = E[Y] = Zn:ciP(Y:ci) - ici/bif(x)dx
i =1 Jai
_ ch/ o (2 f(2) dx = /Rh(x)f(x)dx.

The claim holds when & is piecewise constant function. For an arbi-
trary function /, one can use a sequence of piecewise constant func-
tions to {h, } approximate it, i.e., h(x) = lim, h,(x). Thus

E[h(X)] = lim E[h, _hm/ i dx_/Rh(x)f(x)dx.

o Argument by approximating X. Let —oco < x1 < xp < --- < x,, < 00 be
a very fine partition of the real line, where 7 is large, Ax; = x;11 — x;
very small for 1 < i < n, x1 a very large negative number, and x,
a very large positive number. Define a discrete random variable X,
with .

P(X, =x;) = C—f(xi)Axi, i=1,2,...,n-1
n
where c,, is the normalizing constant with ¢, = ¥; f(x;)Ax;. When n
is large, X, is a good approximation of X and c, is approximately 1.
Thanks to Lemma 3.1,

:Zh(xi)P(Xn— = C—Zh x;)Ax;.

Letting n — oo, we have X;, — X and ¢, — 1, which implies that

EIB(X)) = GmER(X)] = lim— Y h(x)f (x)Ax

n

— /R h(x) f(x) dx.
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We have to admit that the preceding “proof” is not entirely rigorous, espe-
cially regarding the construction of approximation and taking limit. An en-
tirely rigorous proof will require measure theory, which is out of the scope
of this class. We should mostly view these proofs as a way to convey the
main ideas. n

Since continuous random variables can be approximated by discrete
random variables, results such as Lemma 3.1 should also hold for contin-
uous random variables. Risking repetition, we should collect all these re-
sults in the following lemma. We also drop the restriction that the random
variables are either discrete or continuous — the lemma holds for general
random variables. The proofs are omitted, as they are either a simple appli-
cation of Lemma 4.2 or similar to the approximation argument in Lemma
4.2,

Lemma 4.3. Let X, Y and Z be arbitrary random variables. Let a and b be con-
stants. Then

1. E[aX+b] =aE[X]+Db

2. E[aX +bY] = aE[X] + bE[Y]

3. Var[X] = E[X?] — E?[X]

4. Var[aX + b] = a®Var[X]

5. Var[X] = 0 ifand only if X = c for some constant c.

Example 4.1. Let X be a continuous random variable whose probability
density function takes the form

cx if 0<x<1
0 otherwise

£(x) = exlgy(x) = {

where ¢ is some constant. Determine ¢, the cumulative distribution func-
tion of X, E[X], Var[X],and P(X > 0.5)and P(X > 0.5).

Solution: To determine the value of ¢, we recall the property that the integral
of a probability density function on the whole real line must equal one.
That is,

c

1:/O:of(x)dx:/olcxdx:2

Therefore, c = 2. The cumulative distribution function F is defined as

F(x) = P(X < x)
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for all x € R. Since X can only take values in [0, 1], we have F(x) = 0 if

x < 0and F(x) = 1if X > 1. It remains to consider all those x € [0, 1]. For
such x,

F(x) = /;f(y)dy= /Ox2ydy=x2-

To summarize,

» pdf odf

Furthermore,

E[X7] :/Rfo(x)dxzfole (Zx)dx:%‘
2

Std[X] = \/Var[X] = \/g

Finally, we note that the probability for a continuous random variable to
take a specific value is zero. In particular, P(X = 0.5) = 0. Therefore

P(X>05)=P(X>05)=1—P(X<0.5)=1—F(0.5)=0.75.

41 Common Continuous Random Variables

In this section, we collect some commonly used continuous random vari-
ables, and discuss their properties.
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Definition 4.2. 1. A random variable X is said to be uniform on inter-
val [a, b] if X takes values in [a, b] with probability density function

F) = 51 (2).

—a

2. A random variable X is said to be exponential with rate A > 0 if X is
nonnegative with probability density function

f(x) = 2Ae M1 ) (x).

3. Arandom variable X is said to be standard normal, denoted by N(0, 1),
if X takes values in R with probability density function

1 73(2/2

4. A random variable X is said to be normal with mean u and variance
02, denoted by N(p, 02), if X takes values in R with probability den-
sity function

1 2 2
- —(x—mw)*/(20%)
X) = e .
fla) = —7—
Standard normal is simply normal with mean p = 0 and variance
02 =1.In general, p € Rand o > 0.

41.1 Uniform distribution on [a, b]

A uniform random variable X takes values on some interval [a, b] with con-
stant density. In other words, every point on interval [4, b] is equally likely.
In practice, phrases such as “a number is chosen at random from interval
[a, b]” mean implicitly that the random number is uniform on [a, b]. If X is
uniform on [a, b], it is not hard to verify that

a+b

Elx) =3, Var[X]:%(b—a)Z.

A very interesting and very useful (in Monte Carlo simulation) result re-
garding uniform distribution is the following lemma.

Lemma 4.4. Let X be a continuous random variable with cumulative distribution
function F. Then U = F(X) is a uniform random variable on [0, 1].
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Proof. It is obvious that U takes values on interval [0,1]. To find out the
distribution of U, we compute its cumulative distribution function. Fix an
arbitrary u € (0,1).

G(u) = P(U < u)=P(F(X) < u) = P(X < x*) = F(x*)

where x* = max{x : F(x) = u}. Note that F(x*) = u by the continuity of
F and thus G(u) = u. It follows that the probability density function for U
is

G'(u) =1.

Thus U is uniform on [0, 1]. [ |

Example 4.2. (linear transform of uniform is still uniform) Let U be a random
variable uniformly distributed on [0, 1]. Let 2 > 0 and b be constants and
define X = alU + b. What is the distribution of X?

Solution: In order to determine the probability density function of X, we
need to compute its cumulative distribution function F first and then take
derivative. To this end, we observe that X takes values in [b, a 4 b] because
a > 0. Therefore, F(x) = 0 for x < band 1 for x > a+ b. Now fix any
x € [b,a+Db]. Then

F(x):P(ng):P(aU—i—ng):P(Ugx;b> :x;b.

It follows that the probability density function for X is

F(2) = F'(2) = iy ().

That is, X is uniformly distributed on interval [b,a + b]. It is not hard to
mimic this argument to show that if U is uniform on an arbitrary interval,
then X will also be uniform on some interval. |

Example 4.3. The radius of a disc is uniformly distributed on [0, 1]. What
is the probability density function for the area of the disc?

Solution: Denote by R the radius. By assumption, R is uniformly distributed
on [0,1]. Let X be the area of the disc. Then X = mR? Analogous to
Example 4.2, we would compute the cumulative distribution function F of
X first and then take derivative. Note that X takes values in [0, 7]. Thus
F(x) =0for x < 0and F(x) = 1 for x > . For x € [0, 7], we have

F(x):P(ng):P(nR2§x):P<O§R§\/Z>:

x
T T
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Therefore, the probability density function for the area of the disc is

£ = F() = 510 (x).

Example 4.4. John and Emily play a game. At the start of the game, they
agree upon a fixed number 0 < a4 < 1. Then a number is chosen from
interval [0, 1] at random, say X. If X < 4, then John loses $1 to Emily. If
X > a, then Emily loses $X to John. Determine the value of a so that this
is a fair game to John (and thus to Emily as well), that is, John’s expected
winning is zero.

Solution: We can write John’s winning as /1(X) where h is defined to be

-1 ifx<a

h(x>=—1[o,a>(x>+x1[a,11(x>:{ x ifx>a

Since X is uniform on [0, 1], John’s expected winning is

1
E[h(X)] = /Rh(x)fx(x)dx: / h(x) dx
0
a 1
= /(—1)dx—|—/ xdx = —a+%(1—a2).
0 a
To make this a fair game, we need E[h(X)] = 0, which yields (note 0 < a <

1)
a=+v2-1.

4.1.2 Exponential distributions

An exponential random variable X with rate A > 0 takes nonnegative val-
ues. Its cumulative distribution function, expected value, and variance are

F) = [ A Mg ()dy= [ AeMay=1-¢, va>o0.

1

a2

respectively. Here we leave the verification of the expected value and vari-
ance as an exercise to interested students. Exponential distributions have a
very special memoryless property, which states that for all s, > 0

E[X] = Var[X]

P(X>t+s|X>s)=P(X>t).
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Indeed, observe that P(X > x) =1 - P(X < x) =1 — F(x) = e ™ for all
x > 0. Therefore,
P(X>t+s, X >5s) P(X>t+5s)
P(X>t+s|X>s) = B(X>s) = TPX>5)
e—Alt+s)

= % = e ™M = P(X>t).

What the memoryless property says is that the conditional distribution of
(X —s) given X > s, is the same as the distribution of X itself, when X
is exponentially distributed! The memoryless property can be intuitively
explained in the following example. Suppose that in a bus stop, the arrival
times between buses are exponentially distributed with mean 20 minutes.
When you arrive at the bus stop, there are a few passengers waiting for the
bus as well. They tell you that the last bus left about 15 minutes ago. How
much longer do you need to wait for the bus to arrive? The information ”15
minutes ago” actually does not make any difference — due to the memo-
ryless property, the time you need to wait is still exponentially distributed
with mean 20 minutes, regardless of departure time of the last bus!

The memoryless property leads to the classical inspection paradox. Take
the previous example of bus waiting. It can be derived that whenever you
arrive at a bus stop, the average time between the departure of the last bus
and the arrival of the next bus is always larger than 20 minutes, the aver-
age interarrival time between buses! Another inspection paradox is with
respect to the lifetime of a light bulb. Assume that in a classroom a certain
brand of light bulb is used for lighting. The lifetime for this brand of light
bulbs is exponentially distributed with mean 6 months. Anytime you walk
into the classroom and find the light bulb working, this light bulb has an
average life time larger than 6 months! Actually, this light bulb can last,
from the time you walk into the classroom, an exponentially distributed
time with mean 6 months due to the memoryless property. Now add in the
age of this light bulb, the average lifetime of this light bulb must be larger
than 6 months.

Inspection paradox is a form of selection bias. It does not even require
memoryless property or exponential distribution. The only reason the ex-
ponential distribution is used to illustrate this paradox is because memo-
ryless property allows one to state the phenomenon in a much transparent
fashion. Selection bias is everywhere. Take our example of bus waiting (or
light bulb, they are very similar). Imagine a time axis marked by the arrival
time of each bus. These marks will divide the time axis into intervals with
varying length equal to the interarrival times. When you arrive at the bus
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stop, you are more likely to arrive at a longer interval than a small interval.
Therefore, the average interarrival time you observe at your arrival will be
longer than the overall average of interarrivals times.

Take another example. When you ask the students about the average
class size, you may get an average of class size around 100. But if you
ask the college for average class size, you will find out that the average
class size is around 50. Why such a large discrepancy? That is because
larger (smaller) classes are more (less) likely to be sampled when you ask

the students about class size. Your estimate from students’ response will be
biased high.

Example 4.5. (Inspection paradox, Selection bias) Let 0 = ag < a1 < ap <
-+ < ap—1 < a, = 1be a partition of the interval [0, 1]. It divides the inter-
val into n subintervals with length b; = 4,41 —a;fori =0,1,2,...,n—1,
respectively. What is the average length of these subinterval? Now sup-
pose we choose a point at random from interval [0, 1]. What is the average
length of the subinterval that covers this random point? Which average is
larger?

Solution: The total length of these n subintervals is of course 1, and thus the
average length is 1 /n. Now let X be a point chosen at random from [0, 1],
or X is uniform on [0, 1]. Define h(X) to be the length of the subinterval
that covers X. In other words, if a; < X < 4,1 then the subinterval covers
Xis [aj, ai+1), whose length is b; = a;,1 — a;, and thus h(X) = b;. There are
two ways to compute E[h(X)].

1. Regard h(X) as a discrete random variable by itself. It takes values
in {bl, bz,...,bn} with P(h(X) = bl‘) = P(Eli < X < Ell‘+1) = b,
Therefore,

I
g
S
~TN

E[h(X)] = 2bip<h<x> — b))

There is a slight hole in the argument that b;’s may not be all distinct.
But this is easy to fix by combining the probabilities of those subin-
tervals of same length.

2. Regard h(X) as a function of the continuous (uniform) random vari-
able X and use Lemma 4.2. Note that

h(X) - ; bil[ﬂi,ﬂ,url)(x)'
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Since X is uniform on [0, 1], we have

a1 H

E[h(X)]:/Olh(x)dx:lébi/ui dx:iZbiz.

=1

Note that since a random point is more likely to fall into a longer subinter-
val, the average length of the subintervals that cover the random point will
be larger than the average length of all subintervals, which is 1/n. In other

words,
n
Y b >
i=1
This is indeed a special case of the celebrated Cauchy-Schwarz inequality.

Equality holds if and only if by = b, = ---b, = 1/n, in which case every
subinterval has equal chance to cover the random point X. |

=

Lemma 4.5. Let X be a nonnegative random variable with continuous cumulative
distribution function F. Assume that X satisfies the memoryless property:

P(X>t+s|X>s)=P(X>t)
foralls,t > 0. Then X is an exponential random variable.

Proof. The memoryless property amounts F(s)F(t) = F(s+t) forall s, t >
0, where F is the tail probability function with

F(x) =P(X>x)=1—-F(x).

The first observation we make is that F(x) > 0 for all x > 0. Actually if
F(x) = 0 for some x > 0, then by assumption F"(x/n) = F(x) implies
F(x/n) = 0 for all n. Now letting n tend to oo, the continuity of F implies
that F(0) = P(X > 0) = 0. This, along with the assumption that X is
nonnegative, leads to X = 0 with probability one. This is a contradiction
since we have assumed that F is continuous. The second observation we
make is that F(x) < 1 for all x > 0. Otherwise (say) F(a) = 1 for some
a > 0. Then F(na) = F"(a) = 1 for all n. Letting n tend to oo, we have
F(oo0) =1, a contradiction.

With 0 < F(x) < 1 forall x > 0, we can define H(x) = —logF(x),
which is continuous and strictly positive for all x > 0. Memoryless prop-
erty yields that for all s, t > 0,

H(s)+ H(t) = H(s+t).
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In particular, H(nt) = nH(t) forall t > 0 and positive integer n. Define A =
H(1).Sett =1, then H(n) = nH(1) = nA for all positive integer n. Now
for any positive integers n, m, let t = m/n and we have H(m) = nH(m/n),
which leads to H(m/n) = H(m)/n = mA/n. In other words, H(t) = tA for
all positive rational numbers ¢t. Now by the continuity of H, H(x) = xA for
all x > 0, since any real number can be approximated by rational numbers.

It follows that for any x > 0, F(x) = e H®) = ¢~ The cumulative
distribution function is F(x) = 1 — F(x) = 1 — e **. Therefore, for x > 0,
the probability density function is

f(x)=F(x)=Ae M.

That is, X is exponential with rate A > 0. We complete the proof. |

4.1.3 Standard normal distribution

The ubiquitous normal distributions are arguably the most important dis-
tributions in probability and statistics. Normal random variables can take
any positive or negative values. Among all the normal distributions, the
one with density

is said to be the standard normal distribution, denoted by N(0,1). But
before we discuss the properties of the standard normal distribution, we
tirst verify that ¢ really defines a probability density function, with mean 0
and variance 1.

Lemma 4.6. The function ¢ defines a true probability density function, that is,
© > 0and

x)dx=1.
/R @(x)
Furthermore,

/Rx(p(x)dx: 0, /RxZ(p(x) dx=1.

Proof. ¢ is obviously nonnegative. To calculate the first integral, we will
utilize double integral and polar coordinates. Observe that

(/R o (x) dx>2:/R(p(x) dx-/R(p(y) dy://R2 o(x)p(y) dxdy.

55



Using polar coordinates: x = rcos8, y = rsinf,r € [0,00),0 € [0,27), we
have dxdy = rdrd®, x% + y2 =72, and

(/ (x) dx>2 /Oo /ZH Le*rz/zrdedr = /Oo e " 2rdr
R(p o Jo 2m —Jo
00 2
= 71/2/2 r— =
/o e d <2> 1.

/R(p(x) dx=1.

Therefore,

[he equation
xp(x)dx=0

is trivial by symmetry. Finally, observe that ¢'(x) = —x¢@(x). It follows
from integration by parts,

/RxZ(p(x)dx:—/Rx(p’(x)dx: —x(p(x)[o—i—/]R(p(x)dx:O—i—lzl.

We complete the proof. |

Lemma 4.6 justifies that ¢ indeed defines a probability density func-
tion, and that standard normal has mean 0 and variance 1. Throughout the
lectures, we also denote by ® the cumulative distribution function of the
standard normal distribution:

O (x) = /x (p@)dy:/f }eyz/zdyﬂw(o,l)gx).

—00 00 2

It is straightforward from the symmetry of the density function ¢ that for
any x € R,
O(x)+0(—x)=1.

414 General normal distributions

The probability density function of a general normal distribution with mean
1 and variance 02, denoted by N(u, 0?),is given by

1 2 2
_ ~(xp/(20%)
flx) = ——e

Lemma 4.6, along with a simple change of variable, can verify that f de-
fines a probability density function with mean p and variance o2 (exercise).

56



Not only that, the next lemma will also argue that any linear transform of
normal is still normal, and any normal is indeed a linear transform of the
standard normal.

Lemma 4.7. Suppose X is a normal random variable with mean p and variance
o2 Define Y = aX + b where a # 0 and b are constants. Then Y is also normal,
with mean ap + b and variance a®o?. In particular,

_ X
o

Z

is standard normal (standardization).

Proof. Without loss of generality, we assume a > 0. The proof for the case of
a < 01is similar and thus omitted. To compute the density of Y, we will first
compute its cumulative distribution function F and then take derivative to
obtain the density. Fix any y € R. We have

F(y) = P(Y<y) = P(aX+b<y) = P(Xg y;b>
(y=b)/a 1 2 2
_ ~(n)/(20%) g
[oo \/27106 g

Define a change of variable with z = ax + b. We have dz = a dx and

y 1 2 2 2
r :/ —(z—au—b)*/(2a%0?) 4,
(y) —00 \/27mcre

Therefore, the probability density function of Y is (by the fundamental the-
orem of calculus)

1 —(z—au—b)2 /(242 6>
P(y) = e ot /are),

which is the probability density function for the normal distribution with
mean ap + b and variance a202. We complete the proof. |

Example 4.6. Let X be a normal random variable with mean u = 8 and
variance 02 = 4. Express P(6 < X < 12) in terms of ®.

Solution: The idea for this type of computation is standardization. Also
note that the probability will not change if both the ”<” are replaced by
”<”, since the probability of X taking a specific value is 0. Therefore,

6-8 _X-8 _12-8
Vi o 4 V4
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where Z is a standard normal, thanks to Lemma 4.7. It follows that
PB0<X<60)=D(2)—D(-1)=D(2)+D(1)—1.

If you check the normal distribution table in the textbook, this probability
is approximately 0.8185.

Example 4.7. Assume that X is a normal random variable with distribution
N(u, 0?). Show that

P(|X—pu| <ko)=1-20(—k) =2d (k) — 1.
for any k > 0.

Proof. The argument is again based on standardization. Let Z = (X — ) /0.
Thanks to Lemma 4.7, Z is standard normal or N (0, 1). Therefore,

P(|X — | < ko) = P(|Z| < k) = © (k) — (k).

The claim now follows readily since @ (x) 4+ ®(—x) = 1 for all x.

When k = 2, this probability is roughly 95%. That is, ”"With 95% prob-
ability, a normal random variable is within two standard deviations away from
the mean”. This observation is quite often used in the construction of con-
fidence intervals and hypothesis testing, topics we will cover later in the
class. |

Example 4.8. The price S of a stock is often modeled by lognormal distribu-
tions. Thatis, S = ¢X where X is N(u, 02). Compute P(S > a) and E[S],
where a is a given positive constant.

Solution: Again, standardization can be quite convenient in the computa-
tion of such quantities. Let Z = (X — u) /o, which is a standard normal.
We can write X = p+ 0Z. Then

1 _
P(S > a) = P(log$ > loga) = P(X > loga) = P (Z > =8 u) .

Therefore,

P(S>a):1—®<m>:®<—m>.

o o

In order to compute E[S], we first establish a useful identity, that is, for any

0 € R, we have
E[eez] — 2
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This claim actually gives the moment generating function of the standard
normal distribution. The justification is straightforward:

0 1 © 1]
E[e%] = LOO ee‘z—_ZHe’Zz/2 dz = ¢ /2 [oo ——27167(279)2/2 dz.

Observe that the last integrand is indeed the probability density function
for N (6, 1), whose integral must be 1. The claim follows. Now

E[S] = E[¢X] = E[e"+77] = e*E[e7] = e+ /2,

Exercise 4.9. Let S be the same as in Example 4.8. Given a constant K > 0,

compute
E[(S-K)"],

where x* = max(x, 0) for all x. Express your answer in terms of @.
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Chapter 5

Multivariate Probability
Distributions

So far, our dealings are mostly with respect to a single random variable.
However, more often than not, a stochastic model or statistical application
will involve more than one random variable. Therefore, it is essential to
study multiple random variables and their relations.

A random vector is simply a collection of random variables all defined
on the same sample space, say (X1, X, ..., X;). In a lot of literature, such a
random vector is also called a random variable. But in general, whether a
random variable means a vector or not is quite clear within context.

Most of our definitions and theorems in this chapter will be presented
for the case of two random variables. The generalization to any finite col-
lection of random variables is straightforward though. We will need the
following terminology. Let A and B be two arbitrary sets. The (Cartesian)
product set of A and B, denoted by A X B, is defined to be the set

AxB={(ab):ac A, be B}.

For example, the classical space R? is indeed the product set R x R. This
definition can be easily extended to the product of finitely many sets.

5.1 Basics of Multivariate Probability Distributions

Definition 5.1. Let X, Y be two discrete random variables. Assume X takes
valuesin {x1, x,...} and Yin {y1, y2, .. .}. Then the joint probability mass
function (pmf) of the random vector (X, Y) is defined by

p(xi,yj) = P(X=x;, Y = yj).
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The (marginal) probability mass functions for X and for Y are defined by,
respectively,

px(x) = Y p(xy) = YP(X=x,Y=y;) = P(X=1x)
Y Y

priv) = Lply) = LP(X=x,Y=y)) = P(Y=y).

Definition 5.2. Let X, Y be two random variables. We say (X, Y) are jointly
continuous random variables, if there exists a joint probability density
function (pdf) f : R2 — [0, 00) such that for any B C R2,

P((X,Y)GB)://Bf(x,y)dxdy,
and
flxy) 20, //sz(x/w dxdy = 1.

The (marginal) probability density functions for X and for Y are defined
by, respectively,

) = [ fEndy, frw)= [ fexy)ds,

Lemma 5.1. Suppose that (X, Y) are discrete random variables with joint proba-
bility mass function p(x;, y;) = P(X = x;, Y = y;).

1. The marginal probability mass functions px and py are the probability mass
functions for X and Y, respectively.

2. For any function h : R*> — R,
E[R(X,Y)] =} ) h(xi, y;)p(xi y)).
Xi y]
Suppose that (X,Y) are continuous random variables with joint probability den-
sity function f : R? — [0, c0).

1. The marginal probability density functions fx and fy are the probability
density functions for X and Y, respectively.

2. For any function h : R*> — R,

EIn(X, )] = [ (e y)f(xy) dxdy
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Proof. When (X, Y) is a discrete random vector, Part 1 is trivial from defini-
tion. The proof for Part 2 is omitted since it is similar to that of Lemma 3.1
(Parts 2 and 4). When (X, Y) is a continuous random vector, the proof for
Part 2 is similar to that of Lemma 4.2, and thus omitted as well. For Part 1,
we should only prove that fx is the probability density function for X. The
proof for fy is almost verbatim.

Let A C R be arbitrary. Then {X € A} = {(X,Y) € B} where B =
A x R. Therefore, by definition

P(XGA)://Bf(x,y)dxdy:/A/Rf(x,y)dydx:/Afx(x)dx,

which implies that fx is the probability density function for X. We com-
plete the proof. |

Lemma 5.1 shows that the “marginal probability mass function” for X
means exactly the same as the “probability mass function” for X. The ap-
pearance of the word “marginal” is simply to emphasize that X is a com-
ponent of a higher-dimensional random vector or its relevance to the more
detailed joint probability mass function. The word “marginal” is frequently
omitted.

Lemma 5.1 also reinforces the linearity of expectation (Part 2 of Lemma
3.1 and Lemma 4.3). In other words, if we take h(x, y) = ax + by for some
constants a and b, we have

E[aX+bY] = aE[X]+ DE[Y].

for all discrete or continuous random vectors (X,Y). We would like to
emphasize that this linearity actually holds for all X and Y, regardless if
they are discrete, continuous, or otherwise.

Remark 5.1. Analogous to the cumulative distribution function for a ran-
dom variable, one can define the (joint) cumulative distribution function F
for a random vector (X, Y) as follows. Define F : R? — [0, 1] by

F(x,y)=P(X<x,Y<y)

for any x, y € R. When (X, Y) is continuous with joint probability density
function f, then

F(x,y) = /xoo /yoof(s,t) dtds.
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Similar to the relation between pdf and cdf for continuous random vari-
ables, we have the following relation

2
Fl3,9) = g (5,3

5.2 Covariance and Correlation Coefficient

Definition 5.3. For two random variables X and Y, their covariance and
correlation coefficient are defined by, respectively,

Coo(X,Y) = E[(X—E[X])(Y—E[Y])]

Corr(X,Y) = Coo(X, Y) if Var[X] # 0 and Var[Y] # 0.

/Var[X]\/Var[Y]’

The covariance measures how X and Y change together. Loosely speak-
ing, when the covariance is positive, X and Y change more or less in the
same direction — when X increases (decreases), Y tends to increase (de-
crease) as well. On the other hand, when the covariance is negative, X and
Y change more or less in the opposite directions. The correlation coeffi-
cient inherits the sign of the covariance, but always takes values in interval
[—1,1]. It also indicates how close the relation between X and Y is to a
linear relationship — when it equals £1, X and Y are linearly related, i.e.,
Y = aX + 3 for some constants « and 3 (see Lemma 5.2).

Lemma 5.2. Let X, Y, Z be arbitrary random variables, and a, b arbitrary con-
stants. Then

1. Cov(X,a) = Cov(a,X)=0

2. Cov(X,Y) = Cov(Y, X)

3. Cov(aX+bY,Z) = aCov(X,Z)+ bCov(Y,Z)
4. Cov(X,aY+bZ) = aCov(X,Y)+ bCov(X, Z)
5. Var[X + Y] = Var[X] + Var[Y] 4 2Cov(X, Y)
6. —1<Corr(X,Y) <1

7. Corr(X,Y) = £1ifand only if Y = aX + 3 for some constants o« and f3.
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Proof. The proof for Parts 1-5 follows directly from definition and straight-
forward algebraic calculation, and thus omitted. We should only give a
proof for Parts 6 and 7. In the proof we will implicitly assume that X and
Y are not constants, lest the correlation coefficient is not defined. We will
apply the Cauchy-Schwarz inequality (Remark 5.3) to the random variables
X —E[X]and Y — E[Y] to obtain

Cov?(X,Y) < Var[X] - Var[Y],

This implies Part 6 immediately. As for Part 7, note that Corr(X,Y) = £1if
and only if the preceding inequality is indeed an equality. Therefore, thanks
to Remark 5.3, Corr(X, Y) = £1ifand only if a(X — E[X]) +b(Y — E[Y]) =
0 for some constants a and b, which amounts to Y = aX + 3 for some
constants o and 3. We complete the proof. |

Example 5.1. A fair coin is tossed three times. Let X be the number of heads
among the first two tosses and Y the number of heads among the last two
tosses. Find the joint probability mass function for (X, Y'), the marginal
probability mass functions for X and Y, and compute Cov(X, Y).

Solution: Both X and Y can only take values in {0,1,2}. It is probably
easiest to represent the probability mass function by a table. For example,
P(X=1,Y=1)=P(HTH)+ P(THT) =1/4.

Y
0 1 2 Px
1/8 1/8 0 1/4
1/8 1/4 1/8] 1/2
0 1/8 1/8| 1/4
py | 1/4 1/2 1/4 1

<
N~ o

The marginal probability mass functions for X and for Y can be obtained by
summing up the corresponding rows or columns, respectively. To compute
the covariance, we have

1 1 1
E|X|=E|Y|=0--4+1-=-+4+2-—-=1
[X]=E[Y]=0 7 +1-5+2-7
and (we omit the terms where XY = 0)
1 1 1 1 5
E/XY|=(1-1)-- 1-2)= 2-1)= 2:2)= =-—.
(XY]=(1-1)- 7+ (1-2)g+(2- g+ (2-2)g =7

Therefore, Cov(X,Y) = 0.25.
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Example 5.2. Let (X, Y) be a continuous random vector with joint proba-
bility density function

_Jaifxy>0x+y<1
f (x,y)—{ 0 otherwise.

Find the value of 4, the marginal probability density function for X and
compute P(X < 0.5).

Solution: Let D = {(x,y) : x,y > 0, x+y < 1}. The joint probability
density function is only nonzero on D. Since

1://sz(x,y)dxdy://Dadxdy:a~Area(D),

and Area(D) = 0.5, we have a = 2. To compute the marginal probability
density function for X, we first observe that X can only take values on [0, 1].
Thus the density will be 0 outside this interval. Now take any x € [0, 1].
We have

—X

fut) = [ feyay= [ ady=20-x),

Finally, to compute P(X < 0.5), we can do it in two equivalent ways —
either compute the probability from the marginal probability density func-
tion fx(x), or directly from the joint probability density function f:

1. from marginal pdf:

0.5 0.5
P(X<05)= fX(x)dx:/O 2(1— x)dx = 0.75.

2. from joint pdf:
0.5 oo 05 ,l-x
P(X<0.5)= / / f(x,y)dydx = / / 2dydx = 0.75.
—o0 J—0o0 0 0

Remark 5.2. The formula for the variance of sum of random variables in
Part 5 of lemma 5.2 can be generalized to multiple random variables: Let
X1, X, ..., X;be a collection of random variables. Then

d

Y X

i=1

d
Var =) Var[Xj]+2 ) Cov(X; X;)
i=1

1<i<j<d

This can be shown by repeatedly applying Part 6 of Lemma 5.2. We will
leave this exercise to interested students.
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Remark 5.3. (Cauchy-Schwarz inequality) For any random variables X and
Y, we have E2[XY] < E[X?|E[Y?] with equality if and only if aX + bY = 0
for some constants 2 and b that are not both zero. We will defer the proof
to Appendix A.

Exercise 5.3. Suppose that the joint probability density function for (X, Y)
is
_Jaxy if0<x<y<l1
flxy) = { 0  otherwise

Determine constant a and Cov(X, Y). (Solution: 8,4/225)

Exercise 5.4. Let X and Y be two random variables and Var[Y] > 0. Which
constant 8 minimizes Var[X + BY]?

5.3 Independence

The joint distribution of a random vector is completely characterized by its
joint probability mass/density function, which also completely determines
the relation between the components of the random vector. However, it
is sometimes more convenient to specify the relation between these com-
ponents directly and use it to study the random vector. The most basic
relation between random variables is independence.

Definition 5.4. A collection of random variables { X3, X3, ..., X;} are said
to be independent if for any subsets B; C Rwherei =1,2,...,d, we have

d
P(X; € By, Xp € By, ..., Xz € By) = [[P(X; € By)
i=1

~.

Lemma 5.3. Let {Xq, Xp, ..., Xy} be a collection of independent random vari-
ables. Let h; : R — R, i = 1,2,...,d, be a collection of functions. Then
{hi(X1), ha(X2), ..., ha(Xy) } are also independent.

Proof. All we need to observe i 1s that for any B; C R, ;(X;) € B;if and only
if X; € h;'(B;) C R where h; ' (B;) is the preimage of B;:

hit (Bl‘) = {x ER: hi(x) S Bl‘}.

1
The rest is directly by definition. |

Lemma 5.4. This lemma will be stated for two random variables, but its extension
to any finite collection of random variables is straightforward. Let X,Y be two
random variables.
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1. Assume that X and Y are discrete. Then the following statements are equiv-
alent.

(a) X,Y are independent;

(b) The joint probability mass function is the product of marginal proba-
bility mass functions: p(x;,y;) = px(xi)py(y;);

(c) The joint probability mass function can be written in the form: p(x;, y;) =
h(x:)g(y;) for some nonnegative function h and g.

2. Assume that X and Y are continuous. Then the following statements are
equivalent.

(a) X,Y are independent;

(b) The joint probability density function is the product of marginal prob-
ability density functions: f(x,y) = fx(x)fy(y);

(c) The joint probability density function can be written in the form: f(x,y) =
h(x)g(y) for some nonnegative function h and g.

Proof. We will only present the proof for the case when X and Y are continu-
ous, and leave the similar proof for the discrete case to interested students.
We first argue that (a) = (b). Suppose X and Y are independent. Then the
joint cumulative distribution function for (X, Y) is, by definition of inde-
pendence,

F(x,y) = P(X<x,Y<y) =P(X<x)P(Y<y)

_ / Fx(s ds/ Alt) dt_[m[ymfx(s)fy(t)dtds.

for any x, y € R. Therefore, the joint probability density function for (X, Y)
is 22

Fle9) = 56, 9) = Fx(Of ),

Now let us prove the direction (b) = (a). Let A, B C R be any subsets.
Then by assumption,

P(Xe€eA,YEB) = //f x,y)dydx = //fo(x)fy(y)dydx

=/fx dx [ fily)a

= P(Xe€ A)P(Y € B).
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Therefore, X and Y are independent. Lastly, (b) = (c) is trivial. It remains
to prove (c¢) = (b). Suppose f(x,y) = h(x)g(y). Define

a:/Rh(x)dx, b:/Rg(y)dy.

It follows that, for any x € R,

P(X<x) = P((X,Y)€ (—o0,2]xR) = // F(s,y) dsdy

(—o0,x] xR

= /xoo /Rh(s)g(y) dyds = b/xoo h(s) ds.

Therefore, the marginal probability density function for X is fx(x) = bh(x).
Similarly, the marginal probability density function for Y can be shown to
be fy(y) = ag(y). But we also observe that ab = 1 since

1= [ fewaxay = [ nx)s(y) dudy
= /Rh(x)dx/Rg(y)dy = ab.

Thus f(x,y) = h(x)g(y) = fx(x) fy(y). We complete the proof. [ |

Example 5.5. Given the following cases of joint probability density func-
tions for (X, Y), in which cases are X and Y independent?

1.

floy) = { ' —g ’ i)ftlr?ergwjics/ey =
2. .

floy) = { 636 ’ i)ftlr?ergw}ics/ey =
3.

[ 8xy f0<x<y<1
f(x,y)—{ 0 otherwise

Solution: X and Y are not independent in the first case because f(x, y) can-
not be written in form of #(x)g(y). They are, however, independent in the
second case since we can take

h(x) = 6x"11(x), &(y) =yl (y)-
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In contrast, X and Y are not independent in the third case. Even though it
seems that 8xy is of the desired form, but the domain {0 < x < y < 1}
will not allow us to find appropriate indicator functions (like in the second
case) to split f(x, y). [ |

Example 5.6. Assume that X and Y are independent binomial random vari-
ables, where X is B(n,p) and Y is B(m,p). What is the distribution of
X+Y?

Solution: One can, of course, use brutal force to compute the probability
mass function for X + Y. However, it is easier to observe the following. X
is the total number of “success” from n independent trials with probability
of success p. Y is the total number of ”"success” from m independent trials
with the same probability of success p. Since X and Y are independent, we
canregard X + Y as the total number of “success” from the combined #n + m
trials. Therefore, X + Y is indeed B(n + m, p). |

Example 5.7. Let X and Y be independent Poisson random variables with
parameter A and p, respectively. What is the distribution of X + Y?

Solution: First of all, X + Y takes values in all nonnegative integers. Fix any
n > 0. We have, by the independence of X and Y,

P(X+Y =n) :kéP(X:k,Y:n—k) :kéP(X:k)P(Y:n—k)

By assumption,
—A Ak — ”ﬂ*k ,(A+ ) 1 n k n—k
P(X:k)P(Y:n—k):e o eH_ I _—op un_ Ak =k
It follows from binomial expansion that

P(X+Y=m) =Y 00 % <n>)\ky”k _ o AT
k=0 !

Thatis, X + Y is Poisson with parameter A + p. |

Example 5.8. Let X and Y be independent exponential random variables
with rate A and p, respectively. What is the distribution of min(X, Y)?

Solution: In order to compute the probability density function, we should
first compute the cumulative distribution function. Observe that min(X, Y)
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takes nonnegative values. Fix any ¢ > 0. By independence and the form of
the tail probability for exponential distributions (see Section 4.1.2), we have

F(t) = P(min(X,Y)<t) = 1—P(min(X,Y) > t)
= 1-P(X>t,Y>t) = 1-P(X>t)P(Y >1t)
— 1 e MeHt — 1 _ (At

Taking derivative with respect to ¢, we obtain the density function

F() = F(8) = A+ w)e M (1)
That is, min(X, Y) is exponential with rate (A + p). |

Example 5.9. Let X and Y be independent exponential random variables
with rate A and p, respectively. Compute P(X < Y).

Solution: By independence, the joint probability density function of (X, Y)
is

fxy) = fx(x) fr(y) = Ae M1 00 (x) - e 1 g o0 (y).

Therefore,

P(X<Y) = //{x<y} f(x,y)dxdy = /Ooo /xoo Ae Mue W dydx

© A
= / Ae M Mgy =
0 Adu

Exercise 5.10. Let X and Y be independent exponential random variables
with rates A and p, respectively.

1. Show that the discrete random variable 1(x_y) is independent of the
continuous random variable min(X, Y).

2. Can you compute E[max(X, Y)] using Examples 5.8, 5.9, Part 1 and
the memoryless property of exponential distributions?

3. Verify your answer for Part 2 by direct integration.

Lemma 5.5. (convolution) Suppose X and Y are independent continuous ran-
dom variables with probability density functions fx(x) and fy(y), respectively.
Then X 4 Y is a continuous random variable with density

()= (@) = [ fu()felx—s)ds = [ fulx—t)fu(t)at
forall x € R.
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Proof. Denote by G the cumulative distribution function of X + Y. For any
x € R,

G(x) = P(X+Y <x) = //{Htgx} F(s, 1) dsdt,

where f is the joint probability density function for (X,Y). By indepen-
dence, we have f(s,t) = fx(s)fy(t), thanks to Lemma 5.4. Therefore, by
integrating against f first and then s,

G(x) = / /{Htgx} Fx(s) frlt) dids = [ ‘: Fx(5) [; Fo(t) dids.

Using a change of variable t = u — s and afterwards exchanging the order
of integral, we have

G(x) = /j:o fx(S)/xoo fy(u—s)duds = /xoo /j:o fx(s)fy(u—s)dsdu.

Taking derivative with respect to x, we obtain the density for X + Y-

G'(x) = [ fuls)frlx =) ds.

The other equality is similar — all we need to do is to integrate against s
first and then t when we evaluate G (x). We complete the proof. |

Theorem 5.6. Suppose { X1, Xo, ..., Xy} is a collection of independent random

variables. Then
d

1%

i=1
In particular, Cov(X;, X;) = 0 forall1 <i# j<d, and

d
= TTE[X].

E

i

d

Y X

i=1

d
Var = Z Var[X;].
i=1

Proof. Without loss of generality we assume d = 2 and that (Xj, X») is
continuous. The case of general d and discrete random variables is very
similar. Denote by f; and f, the probability density functions of X; and X5,
respectively. Then by independence, the joint probability density function
of (Xl ’ XZ) is

f(x1,x2) = fi(x1) fa(x2).
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Therefore,

E[X1X2] = //RZ X1XQf(X1, JCQ) dxlde = //RZ xlxzfl(xl)fz(xz) dxlde
= /R vifi(x) dx /R afa(x2)dxy = E[X)]E[X).

Furthermore, Cov(Xj, Xp) = E[X1Xz] — E[X1]E[X2] = 0 and the variance
formula is simply Remark 5.2 with zero covariances. |

Definition 5.5. A sequence of random variables {Xj, X, ...} are said to
be independent and identically distributed, denoted by iid, if all the ran-
dom variables X;’s are independent and have the same distribution (which
is equivalent to having the same probability mass function, or probability
density function, or cumulative distribution function)

Example 5.11. Let { Xy, X, . ..} be a sequence of iid random variables with
mean E[X;] = u and variance Var[X;] = ¢2. Define

M=

- 1
X, =—-Y X.
n !

1

I
—_

What are the mean and variance of X,,?

Solution: Since X;’s have the same distribution, they all have the same ex-
pected value and variance. That is, E[X;] = p and Var[X;] = o? for all i.
Therefore, by linearity of expectation,

- 1 & 1 &
EXyl==-) E[X]==-) nu=u
= =
and by independence
Var[X,] = Var|=Y X;| = Var|) Xi| = =) Var[X]]
i3 n i=1 n=is
1 & 1
= Yo = —o?
n? n

These formulae will be used quite frequently when we study statistics.

Example 5.12. (alternative way to compute the mean/variance of binomial) Let
X be a binomial random variable with distribution B(#, p). Find E[X] and
Var[X].
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Solution: One can view X as the total number of ”success” in n independent
and identical Bernoulli trials. Denote by X; the outcome of the i-th trial,
with X; = 1 if the outcome is a “success” and 0 otherwise. Then

X=Xi+X+ + X

Note that all these X;’s are iid Bernoulli random variables with parameter
p, which implies that E[X;] = p and Var[X;] = p(1 — p). It follows that

E[X]=E[Xi] + E[Xa] + - - -+ E[Xy) = np
Var[X] = Var[Xj] + Var[Xz] + - - -+ Var[X,,| = np(1 —p).

Here the independence of X;’s plays a crucial role in the formula of variance
(Theorem 5.6). |

Example 5.13. (covariance and independence) Covariance between indepen-
dent random variables is zero, thanks to Theorem 5.6. Is the converse true?
That is, if Cov(X, Y) = 0, can we claim that X and Y are independent?

Solution: The answer is NO in general. There are plenty of counterexam-
ples. Take, for example, a point selected at random from the unit circle
centered at the origin. Let (X, Y) denote its coordinates. Then by symme-
try E[XY] = E[X] = E[Y] = 0and thus Cov(X, Y) = 0. But X and Y cannot
be independent because X + Y? = 1.

Exercise 5.14. Let X and Y be independent standard normal random vari-
ables. What is the distribution of X2 + Y2? (Hint: use polar coordinates to
evaluate the cumulative distribution)

5.4 Sum of Independent Normals

Lemma 4.7 shows that a linear transform of a single normal random vari-
able is still normal. Here we establish another very important property
that linear combinations of independent normal random variables are still
normal.

Theorem 5.7. Suppose that X1, Xa, . .., X; are independent normal random vari-
ables where X; is N (;, crf)for i=1,2,...,d. Letcy,cy,...,cqgbea collection of
reals that are not all zero. Then c1 X1 + c2Xp + - - - 4 ¢; X, is normal with mean
w and variance o with
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Proof. Without loss of generality, we can assume that c; = 1 for every i, since

¢; X; is also normal with mean c;u; and variance ci2 012, thanks to Lemma 4.7.

It suffices to show for d = 2. The general case of d is simply an iteration of
d = 2. Moreover, we can assume {1 = pfp = 0, thanks to Lemma 4.7. By
Lemma 5.5, the probability density function for X; + X; is

o0 1 2 2 1 2 2
= S /(201) . (x s) /(202) d
X e e .
f( ) /700 \/27‘[0‘1 \/27‘[0‘2 ’

Observe that
2 (x—s)? 1 (5—a)+ x? a_crlzx p_ 90
202 202 22 202’ o2’ o
and

o0 1 2 2
(-0 /(20?) g _ 1
e S ,
[oo \/27Tb

since the integrand is the probability density function of N (a, b?). It follows
that

1 1 2 2 1 2 2
— . e X /2% L oah = —x*/(20%)

X ’
f( ) V2mop V27moy ¢ " \/27106

which is the density function for N (0, 0?). This completes the proof. |

5.5 Uniform Distributions in High Dimensions

Geometric probability deals with random geometric objects. For example,
what is the probability that a fallen needle intersects with any of the equally
spaced parallel lines on a floor (Buffon’s needle)? Or, what is the average
distance between two points randomly selected within a disc? Many of
these questions involve uniform distributions on domains of finite volume
in R?. The uniform distribution on interval [a, b] is a special case of such
distributions with d = 1.

From now on, when we say the “volume” of a domain D C R4, denoted
by Vol(D), we mean the d-dimensional volume. For d = 1, 2, and 3, it
amounts to length, area, and usual volume, respectively.

Definition 5.6. Let D be a domain in R? with finite volume. We say a
random vector X is uniformly distributed on domain D if X takes values
in D and the joint probability density function of X is

1
%) = iy

1p(x), VxeR4
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That is, the probability density function is constant on the region D.
One of the characteristics of the uniform distribution on domain D C R? is
that
Vol(B)
Vol(D)’

which is straightforward from definition. When we say a number of points
are chosen from domain D at random, it means that these points are inde-
pendent and uniformly distributed on D, unless otherwise specified.

P(XeB) = VBC D

Lemma 5.8. Let D = [ay,b1] X [ap, by] X - -+ X [ag, by be a rectangle in RY.
Then X = (X1, X, . .., X4) is uniform on domain D if and only if

1. X; is uniform on [a;, bj] foralli =1,2,...,d;
2. X1,Xa,..., Xy are independent.

Proof. The proof is an application of Lemma 5.4. It suffices to observe that

d
1
——1p(x),
E bl L) (%) = Vol(D) (%)
for all x = (x1,x2,...,x4). The claim follows readily. |

Example 5.15. We randomly and independently select a point X; from [0, 2]
and a point X, from [0, 1]. What is the probability that X? + X3 < 1?

Solution: Thanks to Lemma 5.8, the random vector X = (X3, X») is uniform
on the rectangle D = [0, 2] x [0, 1]. Denote by B the part of the unit disc in
the first quadrant, centered at the origin. Then

Area(B) m
P(X°+X:<1)=P(XeB)="—"Tr2 ==
(Xi+X <1) (X € B) Area(D) 8
X2
1
D
B
1 2 X1




Example 5.16. Choose two points from [0, 1] at random. They will divide
the interval into three pieces. What is the probability that these three pieces
can form a triangle?

Solution: Denote these two points by X; and X,. Then Xj and X, are iid
uniform on [0, 1]. Thanks to lemma 5.8, X = (Xj, Xp) is uniform on the
square D = [0, 1] x [0, 1]. Note that three line segments of length a, b, ¢ can
form a triangle if and only ifa < b+c¢,b <a+c,andc < a+b.

1. If X3 < X;, the three line segments have length X;, X, — X1, 1 — X,
respectively. It is not hard to verify that these three pieces can form a
triangle if and only if (Xj, X2) € D1, where D1 = {0 < x1 < 0.5 <
xp <1, —x1 < 0.5}.

2. If X1 > Xo, the three line segments have length X5, X1 — X5, 1 — X,
respectively. It is not hard to verify that these three pieces can form a
triangle if and only if (Xj, X2) € D;, where D, = {0 < xp < 0.5 <
x1<1,x1—x2 < 0.5}.

X2

1

Dy
0.5

D,

0.5 1 n

In other words, the three pieces can form a triangle if and only if X € Dy U
D,. It follows that the probability of interest is

Area(D1UD,)  Area(D;)+ Area(D;) 1

1
Area(D) Area(D) ~ 8 * 8 4

Example 5.17. Randomly pick a point within the d-dimensional unit ball
D={x=(x1,...,x3) : x% 4. ~—|—x§ <1} C R?. What is the average
distance from this point to the origin?
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Solution: Denote the point by X. Then X is uniformly distributed on the
unit ball D. Its distance to the origin is || X||, which takes values in [0, 1].
Note that for any r € [0,1], || X|| < r if and only if X is within the ball of
radius r centered at the origin (denoted by D,). Therefore, the cumulative
distribution function for || X|| is

. VO](D,) cdrd

= =M, VYrelo1].

F(n) = P(IX]| < 1) = Ry =

Here ¢4 is some constant (it is the volume of unit ball in R¥). Therefore, the
probability density function of || X|| is

f(r)=F(r)=dr"1y(r), VreR,

and . p
E[HXH]:/er(r)dr:/o r~d1ﬂ’1dr:d—+1.

When the dimension d is large, the average distance to the origin is very
close to 1. This is because for a ball in the high dimensional Euclidean
space, almost all the volume is concentrated near the sphere of the ball. W

Example 5.18. (Buffon’s needle, 1777) Imagine a large floor that is marked
with parallel lines. These parallel lines are equally spaced with distance 24.
Drop a needle of length 2/ at random onto the floor. Assume ¢ < d. What is
the probability that the needle will intersect with one of the parallel lines?

Solution: First we observe that if the needle intersects with these parallel
lines, it can intersect with one and only one of these lines since ¢ < d.
Secondly, the position of the needle is characterized by two quantities: (1)
the distance of the middle point of the needle to the closet parallel line (the
only parallel line it can intersect, if it ever intersects with any), denoted by
X; (2) the angle it forms with the parallel lines, denoted by ©.

2d
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We can assume that X is uniform on [0, d], ® uniform on [0, 7], and X
and O are independent. Thanks to Lemma 5.8, the random vector (X, ©) is
uniform on the rectangle D = [0, d] x [0, 7z]. Note that the needle intersects
with the parallel line if and only if £sin® > X if and only if (X,©) € B
where B = {(x,0) € D : x < {sin6}.

0

Since .
Area(B) = / ¢sin@d0 =2¢, Area(D) = md,
0

it follows that Area(B) 20
. . rea
P(intersection) = Area(D) ~ md'
Exercise 5.19. (Buffon’s noodle) Imagine a large floor that is marked with
parallel lines. These parallel lines are equally spaced with distance 24.
There is a rigid “noodle” (a plane curve) of length 2¢. But £ may or may not
be less than d. The noodle can be of any shape. What is the average num-
ber of intersections that this noodle makes with the parallel lines when the
noodle is dropped at random onto the floor? (Hint: divide the noodle into

small pieces and use the linearity of expectation.)

5.6 Indicator random variables
Given an arbitrary event A C ), one can define an indicator random vari-
able of the form 1,4 : Q — {0, 1} such that

La(w) = 1 ifweA
4 1 0 otherwise °

For example, a Bernoulli random variable is a type of indicator random
variable. It is immediate that

E[14] = P(A), Var[l4] = P(A)— P?(A).
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Example 5.20. There are n couples (2n people in total) standing in a circle
in random order. What is the average number of couples that are stand-
ing next to each other? To clarify, suppose there are 5 couples (labeled
A, B,C, D, E) standing like this in a circle.

Al, C2, D1, D2, E1, B2, B1, C1, E2, A2

Then three couples (A, D, B) are standing next to each other (A1 and A2
are next to each other because it is indeed a circle).

Solution: To solve this problem, it is the easiest to utilize indicator random
variables. Let X be the total number of couples that are standing next to
each other. Label these n couples 1, 2, ..., n. Define indicator random vari-

ables
% { 1 if the k-th couple stand next to each other
k p—

0 otherwise

foreveryk =1,2,...,n. It follows that X = X; + X5 + - - - + X, and thus

n n

EX]=Y E[Xd =) P(Xk=1).

k=1 k=1

But consider the event {X; = 1}, or equivalently, the event that the k-th
couple stand next to each other. No matter where k1 stands, as long as k1
takes its position, k2 will have (2n — 1) choices for its position, 2 out of
which will be next to k1. Therefore, for any k,

2
P(X,=1) = .
(Xe=1) P
It follows that
E[X]—iP(X—l)— 2n
B P T

We would like to remark that in this calculation, one basically breaks X into
the sum of much simpler indicator random variables. These indicators are
not independent and their relations are complicated. However, the linearity
of expected value (Part 2 of Lemma 3.1) does not require independence and
holds for any random variables.

Example 5.21. There are 3 mice and a box with 10 pieces of cheese. You
will randomly give two pieces of cheese to each mouse. However, the expi-
ration date on the cheese has passed, and among these 10 pieces of cheese,
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4 pieces are spoiled, which will cause food poisoning. What is the average
number of mice that will get food poisoning?

Solution: This is a perfect setup for using the indicator random variables.

Define
% { 1 if the k-th mouse gets food poisoning
k= .

0 otherwise

Then the total number of mice that get food poisoning is X = Xj + Xo + X3.
Thus
3 3
EX]=Y E[Xd] =) P(Xk=1).
k=1 k=1

Note that for each k, the k-th mouse does not get food poisoning if and only
if the two pieces of cheese it receives are both unspoiled. The chance that
the 1st piece it receives is unspoiled is 6/10. Given that the 1st piece is
unspoiled, the probability that the 2nd piece it receives is also unspoiled is
5/9. Therefore, by the product rule, P(X; = 0) = 6/10 x 5/9 = 1/3, and
P(Xy=1)=1—-P(Xy =0) =2/3. It follows that

Example 5.22. An absent minded professor signed # letters of recommen-
dation for one of his students and put them randomly into n pre-addressed
envelopes. Let X be the number of letters that were put into the right enve-
lope. Find the expected value and variance of X.

Solution: We can write X = X; + X5 + - - - + X,;, where X;’s are indicator
random variables defined by

ja 1 if the i-th letter is put into the right envelope
"7 1 0 otherwise

Clearly, foreach1 <i <mn,

1 n—1 1 n—1
P(Xj=1)=-, P(Xi=0)=——, E[X]=-, VarlX] = =5,
and for1 <i# j<n,
1
E[XiX;]] = P(X;=X;=1) = n(n—1)
1
Cov(X;, Xj) = E[XXj] - EIXIEX] = Sy



It follows from the linearity of expected value and the general variance
formula (Remark 5.2) that

n n 1
EX] = YEX]=)Y-=1
i=1 i1
n
Var[X] = ) Var[Xj]+2 Y Cov(X;X;)

i=1 1<i<j<n

_nxn—1+2n » 1 _n—l_i_l_1

N n2 2) " n2n—-1)  n n

Exercise 5.23. Randomly draw five cards from a deck of 52 cards. Find the
expected number of Aces in these five cards. (Solution: 5/13).

Exercise 5.24. (hard) n cars are driving along an infinitely long highway
with different but constant speeds. Since the highway has only one lane,
the cars cannot pass each other. If a faster car catches up with a slower car,
it must slow down to the speed of the slower car in the front. With this
rule, eventually the cars will form clusters. Find the expected number of
clusters of cars. (Solution: 1+1/2+---+1/n)

5.7 Conditional Distributions

Independence between random variables means that one random variable
has no impact on the other —regardless of the value of one random variable,
the distribution of the other random variable should remain the same. We
cannot always expect such a nice and simple relation. The general relation
between random variables are described by conditional distributions.

Recall that the distribution of a random variable X describes P(X € B)
for any subset B C R. Knowing the distribution of X allows us to compute
quantities related to the random variable X, such as the expected values
and variances of functions of X. In this sense, distribution is all we need
to know about a random variable when it comes to such quantities. The
conditional distribution of a random variable X is exactly the same — it
describes the distribution of X in the presence of some additional informa-
tion. For example, suppose you are asked to guess a number that I have
chosen at random from interval [0, 1]. What would you guess? Of course,
1/2is the most natural answer. But what if I tell you that the random num-
ber I have chosen is larger than 1/2, would you still guess 1/2? Of course
not. This extra piece of information alters your conception of the distribu-
tion of the random number.
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More precisely, the conditional distribution of X, given that some event
E happens (additional information), describes P(X € B|E) for any B C
R. From the conditional distribution, we can similarly compute quantities
such as the conditional expectations and variances of functions of X, given
that E happens. In this sense, conditional distribution can be treated just as
a “usual” distribution.

We should explain this via two random variables. The extension to a
larger collection of random variables is straightforward. Consider two ran-
dom variables (X,Y). We will discuss the conditional distribution sepa-
rately for discrete and continuous cases.

5.7.1 Conditional distribution for discrete random variables

Suppose X and Y take values in {x1, x2, ...} and {y1, y2, ...}, respectively.
Denote the joint probability mass function by p(x;, y;), and the two marginal
probability mass functions by px(x;) and py(y;). Fixany y € {y1,y2,...}.
The conditional probability mass function of X, given Y = y, is defined

by

pxy(xly) = P(X=x[Y=y)
PX=xY=y) _ plxy)
= = ,  VYx=1x1,x,....
P(Y=y) pr(v)
Of course, just like in the case of conditional probability, the conditional
probability mass function is undefined when py(y) = 0. From now on, we
assume py(y) > 0.

Lemma 5.9. The conditional probability mass function px|y (- | y) defines a true
probability mass function on {x1, x,...}. That is,

pxy (xily) =0, prw(xi ly)=1.

The proof of this lemma is trivial from the definition of marginal probabil-
ity mass function. However, the implication is important. It says that con-
ditional distribution is a true probability distribution. All the definitions
such as expected value and variance, therefore, can be extended to their re-
spective conditional version without much trouble. For example, the con-
ditional expected value of h(X) given Y = y, denoted by E[h(X) |Y = y],
is simply

Zh(xi)P(X =x|Y=y) =Y h(x)pxy(xily)

1
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for any function / : R — R. For another example, the conditional variance
of X given Y = y, denoted by Var[X|Y = y], is simply

Var[X|Y = y] = E[X?| Y = y] — E}[X|Y = ],

where the conditional expectations on the right-hand-side correspond to
h(x) = x?and h(x) = x, respectively.

In the above definition of conditional probability mass function, it is
conditional on the event of form {Y = y}. This is not necessary at all.
In general, let E be an arbitrary event with P(E) > 0. The conditional
probability mass function of X given event E happens, can be defined in
an analogous way:

P({X=x}NE)

B(E) , Vx=12x1,%x,....

pxe(X|E) = P(X = x| E) =

Lemma 5.9 still holds for this general version of conditional probability
mass functions.

Example 5.25. Two dice are tossed and the sum of the face values is 8.
What is the distribution of the smaller face value (defined as the common
face value if the two face values are equal) and its expectation?

Solution: Denote by X and Y the face values from the first and the second
dice, respectively. The question is asking for the probability mass function
of Z = min(X, Y) given that the event E = {X + Y = 8} happens. Note
that Z can take valuesin {1, 2,...,6}. It is not difficult to see that

6 1 5
x=2

and

pze(z|E) = P(Z=z|E) = {min(X,Y)=z}NE

P(E)
04 ifz=2
) o4 ifz=3
~ )02 ifz=4

0 ifz=1,56

The conditional expected value of min(X, Y) given that X +Y = 8is

6
E[Z|E]=Y zP(Z=2z|E)=2x04+3x04+4x02=2.38.

z=1
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Example 5.26. Let (X, Y) be a discrete random vector with joint probability

mass function
n 1 k 1 n—k
rx=nv=n-() (5) 3)

foreveryn =1,2,...and k =0,1,...,n. What is the conditional probabil-
ity mass function of Y given X = n?

Solution: Thanks to the binomial expansion, we have
n n n 1 k 1 n—k
PX=n) = L PX=nY=h = } <k> <g> <§>
B 1 L 1\" e "
\6 3) \2)°

s EEE - (0) () )

In other words, given X = n, Y is Binomial B(#n,1/3). |

Thus

Remark 5.4. Two discrete random variables X and Y are independent if
and only if the conditional probability mass function pxy(x|y) = px(x)
forevery x € {x1,x2,...} and y € {y1, y2, ...}, thanks to Lemma 5.4.

Exercise 5.27. Let X be a geometric random variable with parameter p. Let
nbe a given positive integer. Find the conditional probability mass function
of X given X > n and E[X|X > n].

5.7.2 Conditional distribution for continuous random variables

The conditional distribution of a continuous random variable X is defined
in a very similar way. Let E be an event with P(E) > 0. Then the con-
ditional cumulative distribution function of X, given E happens, can be
defined by

{X<x}NE)
P(E)

FX|E(xyE):p(xgxyE):P( , VxeR

and the conditional probability density function of X, given E happens,
is

Fue (¥ ) = 2= Fxie x| E).
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Lemma 5.10. The conditional probability density function fxg(- | E) defines a
true probability density function on R. That is,

fxg(x|E) =0, /RfX|E(x!E)dx:1.

The proof is again trivial and the implication of the lemma is the same —
one can regard the conditional distribution as a true probability distribu-
tion.

Example 5.28. Let X be a continuous random variable with probability
density function f. Let a be a given constant with P(X > a) > 0. What
are the conditional density of X given X > a and the tail expectation
EX|X >a]?

Solution: Denote by F the cumulative distribution function of X. Then the
conditional cumulative distribution function of X given E = {X > a} hap-
pens is

P{X<x}n{X> a})‘

FX|E(-x’E):P(X§x’E): P(X > a)

Clearly Fxg(x |E) = 0if x < a,and for x > a,

(x| B - BUSXED) PO HD)

Therefore, the conditional probability density function of X given E =
{X > a} happens is

e (x1B) = B (x| B) = 1208010 (0,

and
E[X]X>a]:/Rfo|E(x]E)dx:%M/ﬂmxf(x)dx.

An interesting exercise for the students is to compute this tail expectation
for exponential random variables and explain the results via memoryless
property. |

So far, the discussion on conditional probability density functions for
continuous random variables is based on the assumption that P(E) > 0.
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However, recall that for discrete random variables we can define the con-
ditional probability mass function or conditional distribution of X given
Y = y, via the joint probability mass function. Can we do the same for
continuous random variables? To fix ideas, let (X, Y) be a continuous ran-
dom vector with joint probability density function f(x,y). Similar to the
discrete case, we wish to define the conditional density of X, given that
Y = y. The immediate difficulty is that, as a continuous random vari-
able, P(Y = y) = 0. Thus the conditional cumulative distribution function
P(X < x|Y = y) cannot be defined in the classical sense. Is there any way
to make sense of it though? If there is, then we can derive the conditional
probability density function and consequently all the related quantities.

There are, indeed, a few ways to make sense of such conditional dis-
tributions. The most intuitive approach is to use discrete approximation,
while the rigorous approach is to consider P(X < x | Y = y) simultaneously
forall y € R under the measure-theoretic framework. Here we will use the
discrete approximation to make sense of this conditional distribution.

Fix any y. Let [a, b] be a very small interval that contains y and denote
Ay = b —a. We will define

P(X<x|Y=y) = AlyigloP(Xg x|Y € [a,b])
. P(X<x,Y€]lab])
= lim
Ay—0  P(Y € [a,b])

Observe that
Py elab) = [ fr®)di~ fily)b—a) = fr(y)ay
and
P(X<xYE b)) = /xoo /ﬂbf(s,t)dtds - /ﬂb/xoof(s,t)dsdt
[ ] fpastr = o) [ fls,ppas
= Ay'/xoof(sfy)ds-

Q

It follows that

. . P(X<xYeab]) [ f(sy)
P(ngly_y)_Al;Elo P(Y € [a,b]) ,mmds'
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Therefore, the conditional probability density function of X given Y = y
is define to be

i * f(s’y)dSZf(x/y)
dx J-co fr(y) Hly)

Example 5.29. Let (X, Y) be a continuous random vector with joint proba-
bility density function

fX|Y(xW):

2 ifx>0,y>0,x+y<1
0 otherwise )

ﬂ%w:{

For any y € (0, 1), compute E[X|Y = y].

Solution: We first compute the conditional density function. For any y €
(0, 1), the marginal probability density function for Y is

)= [ = [T 20x=2(1-y)

and the conditional probability density function of X given Y = y is by
definition

—y)t i _
firte = G5 = {070 G

That is, given Y = y, X is uniformly distributed on interval [0,1 — y].
Therefore,

1
EX|Y=y]=5(1~-y)
Interested students can also verify this by direct integration. |

Remark 5.5. Two continuous random variables X and Y are independent if
and only if the conditional probability density function fx|y(x|y) = fx(x)
for every x and y, thanks to Lemma 5.4.

Remark 5.6. The conditional distribution of X given that some event E hap-
pens or given Y = y, be it conditional probability mass function or condi-
tional probability density function, can be extended to the cases where X
and/or Y are random vectors in a straightforward fashion. Furthermore,
properties such as Remarks 5.4 and 5.5 hold.
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Exercise 5.30. Let (X, Y) be a continuous random vector with joint proba-
bility density function
flx,y) =e "1ocyayy

Fix arbitrarily x, y > 0.

1. Find the conditional distribution of Y given X = x?

2. Find E[Y|X = x| and Var[Y|X = x]

3. Find E[X|Y = y].

4. Find P(X > 2Y|Y = y)and P(X > 2Y|Y > y).

5.7.3 Law of total probability

The classical law of total probability claims that, given a partition of the
sample space Q,say {B1, By, ..., B,},

n n

P(A)=) P(ANBy) =) P(A|ByP(By)
k=1 k=1

for any event A C (). When this partition is induced by a random variable,
we will have a different version of law of total probability.

Theorem 5.11. (Law of total probability) Let A C Q be an arbitrary event
and X any random variable.

1. If X is a discrete random variable taking values in {x1, x2, ...} with proba-
bility mass function p(x;), then

P(A)=) P(A|X=x)P(X=1x) =) P(A|X = x)p(xx)-
k k

2. If X is a continuous random variable with probability density function f,
then

P(A) = /RP(A]X: %) f(x) dx.

Proof. For Part 1, define By = {X = x;} for every k. Then {By, By, ...} isa
partition of the sample space (). By countable additivity (one of the three
axioms of probability),

P(A) = Y P(AN By) = Y P(A| B)P(By).
k k
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The claim follows readily. Now we show Part 2. Assume that X is contin-
uous with density f. Note that P(A | X = x) should be defined in a way
similar to conditional probability density function. Thatis, let x € [, b] and
Ax = b —a. Then

PA|X=x)= AligloP(A | X € [a, b]).

Fix alarge integer n. Mark the real line with x; = k/nwherek =0, £1,£2, . ...
Then {x;} satisfy --- < x_» < x_1 < x9 < x1 < X2 < ...and divide the
real line into small pieces of equal length 1/n. It follows that

P(4) = k_i P(AN{X € [x 1ei1)})
= Y P(A|X € [xpx1))P(X € [1 xes1))
k=—00
= Y [ P(AIXE [ ) f(x) dx
k=—o00 Yk
no -y /mﬁmﬁxzxyuwx
k=—o00 Y %k

- Afuuxz@ﬂ@n.

We hasten to add that this proof is only intuitive and by no means rigorous.
Everything can be made rigorous under the measure-theoretic framework
though. |

Example 5.31. Toss a coin with P(H) = 0 repeatedly n times, where 0 is
drawn at random from [0, 1]. Let X be the total number of heads. Find
P(X=0)and P(X =1).

Solution: First of all, X takes values in {0,1,2,...,n}. By law of total prob-
ability,

MX:M:AP@:kW:@ﬂ@M,nggn

where f is the probability density function of 8, which is uniform on [0, 1].
It follows that

mxzmzfl

0

(Z) (1 —x)"F 1dx.
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In particular, by a change of variable z = 1 — x, we have

1 1 1
P(X=0) = /O(l—x)”dx:/o anz:n—i—l

P(X=1) = /Olnx(l—x)”1dx:/01n(z”1—z”)dz:

1
n+1

Interested students may take it as an exercise to prove that

1

P(X=K) = 7,

V0O<k<n.

That is, X is (discrete) uniform on {0,1,2,...,n}.

Example 5.32. (Gambler’ ruin) In each round of betting, a gambler has 50%
chance to win $1 and 50% chance to lose $1. Suppose the gambler starts
with $n. He will leave the game if his total wealth reaches 0 (ruin) or
reaches a target amount N, whichever comes first. Assume that 0 <n < N
are both positive integers, and all the betting rounds are independent. Find
the probability of ruin.

Solution: Define x,, to be the probability of ruin, given that the gambler has
$n at present, for all n = 0,1,..., N. By definition it is immediate that
xo = land xy = 0. Given 0 < n < N, after one betting round, gambler’s
wealth will become n £ 1 with probability 50% each. Therefore, by law of

total probability,
1
Xn = E-xn+1 + Exnfl-
This implies that x, 41 — x, = X, — x,_1. In other words, {x,} is a classical
arithmetic sequence. Given the boundary condition xg = 1 and xy = 0, it
is not hard to see that
XN — X0 n

-
" N

Xnp = Xo +

5.7.4 Conditional expectation and tower property

Law of total probability is indeed a special case of the so called law of total
expectation or tower property. It is the mathematical justification for the first
step analysis we have been using for some of the previous examples such
as Examples 1.5 and 1.6. To state the tower property, we need to extend the
definition of conditional expectation. Let X and Y be two random variables.
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We have defined the conditional expectation E[X|Y = y| through condi-
tional probability mass or density function. For example, when (X, Y) are
continuous, we have defined the conditional density fx|y and thus

EIX|Y =yl = [ xfy(x|y)dx

Regardless, E[X|Y = y]| is a function of y. Denote it by h(y) = E[X|Y =
y]. Now we define the conditional expectation of X given Y, denote by
E[X|Y],tobe h(Y). In other words,

1. E[X|Y] = h(Y) is a random variable and a function of Y.
2. E[X|Y]takes value h(y) = E[X|Y = y] on the set {Y = y}.

In short, we pretend that Y is a constant when we work with E[X|Y]. The
definition of conditional expectation extends naturally to the case where Y
is an arbitrary random vector.

Lemma 5.12. Let X and Z be any random variables, Y any random vector of
dimension d > 1, a and b any constants, and £ : RY — R any function. Then

1. E[¢(Y)X|Y] = ((Y)E[X]Y].
2. E[X|Y] = E[X]if X and Y are independent.
3. E[aX+0bZ|Y]=aE[X|Y]+bE[Z|Y].

Proof. Note that Part 1 follows directly from the definition of conditional
expectation and that for any y € R?,

EU(YV)X|Y=y]=E[l(y)X|Y =y] =L(y)E[X|Y =y].

As for Part 2, it suffices to observe that the conditional probability mass
(density) function of X given Y = vy is the same as the probability mass
(density) function of X itself, for any y € R? see Remarks 5.6. As for
Part 3, it is straightforward from the linearity of classical expectations since
conditional probability distributions are true probability distributions. We
complete the proof. |

Theorem 5.13. (Law of Total Expectation, Tower Property) Let X be an ar-
bitrary random variable and Y any random vector. Then E[E[X| Y]] = E[X].
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Proof. We will give a proof under the assumption that Y is a random vari-
able and (X, Y) is discrete with joint probability mass function p(x;, y;). By
definition,
(y])—EX]Y y] le —xi’Y:yj)-
Therefore, E[X|Y] = h(Y) and
E[E[X|Y]] = E[h(YV)] = Y h(y)P(Y = y;)
Yi

= Y Y uP(X =x|Y =y)P(Y=y;)

Yi Xi
= Y)Y xiP(X=x,Y=yj) = Y)Y xP(X=1x,Y =y
y] X X y]

= Y xP(X=1x) = E[X].

The proof is similar when (X, Y) is a continuous random vector since all
we need to do is to replace sum by integral and probability mass function
by probability density function. We complete the proof. |

Example 5.33. Suppose the number of automobile accidents in a certain
intersection in one week is Poisson distributed with parameter A. Further
assume that A itself is random and varies week from week. If E[A] = a,
what is the average number of accidents in a week.

Solution: Let X be the number of accidents in a week. By assumption, given
A = A, X is Poisson with parameter A, whose average is A. Therefore,

E[X|A=A] = A,

It follows that E[X|A] = A. By law of total expectation, E[X] = E[E[X|A]] =
E[A] = a. n

Example 5.34. A fair die (six-sided, each side equally likely) is tossed re-
peatedly. What is the average cumulative sum of face values until a six is
tossed? For example, if the sequence of tosses is {3,5,4,4,2,1,2,6}, then
the cumulative sum until a six is 27.

Solution: Let x be the average cumulative sum of face values until a six is
tossed. Consider the following tree:

92



start

©

Each branch represents a possible outcome from the first toss. For example,
if the first toss is a one, then by definition, from the second toss on, the
average cumulative sum until a six is tossed is x. Therefore, taking into
consideration of the first toss (which is a one), the average cumulative sum
of face values is 1 + x until the first six. On the other hand, if the first toss
is a six, then the cumulative sum of face values until the first six is simply
6. Since each branch is of probability 1/6, we have

1 1 1 7 5
or x = 21. This calculation is indeed the law of total expectation, condi-

tioning on the outcome from the first toss. |

Example 5.35. Let Xj, X1, X, . .. be a sequence of iid random variables uni-
formly distributed on [0, 1]. Define T to be the first time X, exceeds Xp.
That is,

T=min{n>1: X, > Xp}.

Find the probability mass function of T and compute E[T].
Solution: The random variable T takes valuesin {1,2,3,...}. Forn > 1, by
law of total probability,

P(T = n) :/ P(T = n|Xo = x)f(x)dx,
where f is the probability density function of Xy, which is uniform on [0, 1].
Thus

P(T=n) = /OlP(T:n]onx)dx

1 1
f n—1 — = — —
= /Ox (1—x)dx p—
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Note that in this case

p(T<oo):fp(T:n):§<1— ! >:1

n=1 n=1 n n+1

That is, with probability one, X, will be exceeded by some X,,. However,

E[T]zinP(T:n):io:n(%—nil> zinilzoo,

n=1 n=1 n=1

which means the average time until exceedance of Xj is infinity!

Exercise 5.36. In Example 5.35, what is E[T|X,]? Use this and law of total
expectation to find another proof of E[T| = oo.

Exercise 5.37. Suppose X and Y are two random variables such that, given
X = x, Y is normally distributed with mean x and variance 1. Suppose
E[X] = pand Var[X] = o2. Find Cov(X, Y) and Var[Y].

Exercise 5.38. (Variance Decomposition) Let X be any random variable
and Y any random vector. Show that

Var[X] = Var(E[X|Y]) + E[Var(X | Y)].

5.8 Multivariate Normal Distributions

In this section, we briefly discuss multivariate normal distributions and
jointly normal random vectors. We will omit most of the proofs, since they
are either too technical or require advanced knowledge in probability and
linear algebra. We will adopt the convention that vectors are in column
form by default, and A’ denotes the transpose of A.

Definition 5.7. Let X = (X1, Xy, ..., X;)! be a d-dimensional random vec-
tor. We say X has a multivariate normal distribution or jointly normal
distribution, or X;’s are jointly normal random variables if either one of
the following equivalent conditions holds:

1. Every nontrivial linear combination of the components is a univari-
ate normal random variable, that is, ¢1 X7 + - - - + ¢4 X; is a normal
random variable for every collection of constants {c1,¢2,...,¢;} C R
that are not all zero.
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2. There exist a d x d invertible square matrix A, a d x 1 vector p, and
a family of iid standard normal random variables {Z4,...,Z4},such
that X = AZ + pu, where Z = (Z1,Z,, ..., Z,)".

3. There exist a d x 1 vector u and a d x d symmetric positive definite
matrix X such that the probability density function of X is

1 1 1.
F(6) = e exp{—§<x—u> £ (x u)}

for all x € R?. We denote this distribution by N (g, X).

Theorem 5.14. Assume that X = (X1, Xp, ..., Xy)! is a multivariate normal
random vector with distribution N (w, L). Then p and ¥ are the mean vector and
covariance matrix of X, respectively. That is,

[ EX1 i [ COV(Xl, Xl) COV(Xl, XZ) e COV(Xl, Xd) i

EX2 COV(XZ, Xl) COV(XZ, XZ) e COV(XZ, Xd)

u= EX3 , Yy = COV(Xg,, Xl) COV(Xg,, XZ) s COV(Xg,, Xd)
| EX; | | Cov(Xy, X1) Cov(Xy, Xo) --- Cov(Xy Xi) |

Exercise 5.39. Consider any random vector X = (X1, Xy, ..., X3)" and let
L denote its covariance matrix. Show that X is symmetric and positive
semidefinite, thatis, v'!Zv > 0 for any nonzero vector v.

Theorem 5.15. Let X = (Xq, X, ..., Xy)! be a jointly normal random vector
with mean vector u = [w;] and covariance matrix ¥ = [Z;;].

1. X; is normal with mean u; and variance L;;.
2. X; and X; are independent if and only if Cov(X;, X;) = L;; = 0.

3. (linear combination of jointly normal random variables is normal)
For any nonzero vector ¢ = [cj]ax1 and constant b, the random variable
c! X + b is normal with mean c'u + b and variance c'Zc.

4. (linear combinations of jointly normal random variables are jointly
normal) Let A be an n x d matrix with n < d and rank(A) = n. Let b
be an n x 1 vector. Then Y = AX + b is multivariate normal with mean
Ap + b and covariance matrix AL AL
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Example 5.40. Let X = (X3, Xy, ..., X;)! be a random vector. Show that
X1, X, ..., Xy are iid standard normal random variables if and only if X
is multivariate normal with distribution N(0, I;), where I; stands for the
d x d identity matrix.

Proof. Let @ be the probability density function for standard normal distri-
bution. Then Xj, X», ..., X; are iid standard normal if and only if the joint
probability density function of Xj, X5, ..., X;is

f(x) = o(x1)p(x2) - - o(x4)

if and only if f takes the form of the joint probability density function in
Definition 5.7 with p = 0 and £ = I;. We complete the proof. [ |

Example 5.41. Let Zq, Z, be iid standard normal random variables. Let
X1 =27Z1+27Zyand X, = 3721 +4Z, + 1. What is the distribution of X =
(X1, X)"?

Solution: Thanks to Example 5.40, the random vector (Z1,Z)" is jointly
normal. Therefore, as linear combinations of Z; and Z,, X is also jointly
normal, thanks to Theorem 5.15. To figure out its distribution, it suffices to
tigure out the mean and covariance matrix of X. It is not hard to see that

m =EXi]=0, w=E[X]=1

Y11 = Var[Xy] =12 +22 =5, Iy = Var[Xp]=3?+4?=25
Yip =29 = COV(Xl,XZ) =1-3+2-4=11.
Therefore, X is jointly normal with distribution N (i, ) where

0 5 11
“_[1]' Z_[ll 25]'

Exercise 5.42. Let X = (X, X») be a bivariate normal random vector with
distribution N (u, X) with

=30 0]

where —1 < p < 1. Find the distribution of X7 — Xj.
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Exercise 5.43. (Cholesky factorization) Let (X, Y) be a bivariate normal ran-
dom vector with distribution N (u, L), where

[0 [ 62 poo B
[0 e[ ) e

Show that there exist independent standard normal random variables Z1, Z;
such that

X=01Z1, Y =0(pZ1+V1-p*Zy).

Exercise 5.44. Let X be a standard normal random variable and Y an inde-
pendent discrete random variable with

P(Y = +1) = %

Show that Z = XY is a standard normal random variable and Cov(X, Z) =
0. Are Z and X independent? Is the random vector (X, Z)! a bivariate
normal random vector?

Exercise 5.45. Consider any random vector X = (Xi, X, ..., X3)" and let
X denote its covariance matrix. Let C be a m x d matrix of constants and
define Y = CX. Then Y is a m x 1 random vector. Let TT be the covariance
matrix for Y. Show that E[Y] = CE[X]and TT = CZC.
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Chapter 6

Limit Theorems

Two most fundamental theorems in probability are unquestionably the Strong
Law of Large Numbers (SLLN) and Central Limit Theorem (CLT). Both of them
are concerned with

- . X1+Xo 4+ Xy
X, =
n
where {Xj, X, ...} is a sequence independent identically distributed (iid)
random variables. Our interest lies in the behavior of X,, asn — oo.

6.1 Strong Law of Large Numbers

The limit of X}, is easy to guess. Denote 1 = E[X;] and 02 = Var[X;]. Recall
the mean and variance formula in Example 5.11:

_ _ 0‘2

E[X,] =p, Var[X,]= o

Clearly as n — oo, Var[X,| — 0. That is, X, is a random variable with less

and less variation as n gets larger and larger. Thus, as n — oo, we expect

that X, is centered around p with overwhelming probability. The strong
law of large numbers makes this precise.

Theorem 6.1. (Strong Law of Large Numbers, SLLN) Let { X3, Xy, ...} bea
sequence of iid random variables with E[X1| = . Then with probability one,

< X1+ Xo+--+ Xy
X, = " — L.
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The "with probability one” convergence in SLLN is not that different from
the usual pointwise convergence. To be precise, let QO be the underlying
sample space for all those { X1, Xy, . ..}. Then "X, — p with probability one”
means

P({weQ: X, (w) = Xi(w) + X (w) + -+ Xo(w) #}> _ 1

n

In other words, the set of those w’s on which X, (w) converges to i has
probability one. Here are a few simulated paths of X, when X,’s are iid
exponential random variables with mean 1. One can see that as n gets
larger, X, appears to be converging to the mean 1.

1.3
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Figure 6.1: Simulated Path for SLLN

Even though we are not well equipped to prove the SLLN, it still helps
to get a rough idea of how close X, is to the mean p. To this end, we will
introduce a very basic, but highly effective, inequality.

Lemma 6.2. (Chebychev Inequality) Let X be any nonnegative random vari-
able. Then for any a > 0, we have

E[X]

P(X>a) < .

Proof. Define a new random variable Y = alx>, . Then X > Y, and thus
E[X] > E[Y].But E[Y] = aP(X > a). We complete the proof. |
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Applying the Chebychev inequality to the random variable (X, — p)?,
we arrive at

P (,Yﬂ o /’L’ > 5) —p ((Yﬂ _#)2 > £2> < Val‘[yn] o2

e2 ne2’

for any given constant ¢ > 0. In particular, it yields that P(|X,, — p| > ¢) —
0 as n — oo. Of course this convergence is not exactly strong law of large
numbers (interestingly, it is called the weak law of large numbers). But it gives
us at least some rough idea.

6.2 Central Limit Theorem

There have been many versions of central limit theorem in the history. But
the earliest work was widely attributed to the French mathematician Abra-
ham de Moivre in 1733, for binomial distributions.

Theorem 6.3. (Central Limit Theorem, CLT) Let { X3, Xy, ...} be a sequence
of iid random variables with E[X1] = p and Var[X;] = o?. Then

Xp—p X +Xo+- -+ X, —np

o/vn Vno

The convergence is in the sense of distribution. That is, for every x € R,

r (G =)~ o0

where O is the cumulative distribution function for the standard normal N (0, 1).

~ N(0,1).

The strong law of large numbers shows us the limit of X, to be p. But
how fast is this convergence? The answer is provided by the central limit
theorem. There are two conclusions we can make from the CLT:

1. X, converges to p in the order of 1/+/1;
2. The deviation of X, from mean y is approximately normal.

You will often see the central limit theorem expressed in a slightly different

form:

= o O‘2
Xy~ o+ — 1) = —).
n u+ﬁN(0, ) N(u,n>
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Example 6.1. (simulation) We simulate X,, when X;’s are iid exponential
random variables with mean p = 1 (hence variance 0> = 1 as well). We
take n = 100 and n = 1000 respectively. For each case of n, we have
generated 1000 samples of X,,, where each sample of X, is the mean of
n iid samples of exponential with mean 1. We then plot the histogram of
these 1000 samples of X, and superimpose the probability density function

of N(u, 0%/n) on top it.

Figure 6.2: CLT simulation from exponentials

Example 6.2. A fair die is tossed repeatedly 100 times. What is the proba-
bility that the average face value exceeds 3?

Solution: Let X; be the face value from the i-th toss. Then X;’s are iid uni-
form on {1,2,...,6} with mean u = E[X;] = 3.5and variance 0* = 35/12.
The average face value of 100 tosses is

_ X+ X+ o+ Xy
n

X

with n = 100. By the central limit theorem,
_ 0‘2
X, ~ N (u, 7) = N(3.5,0.172).

Therefore, using the standardization of normal distributions (Lemma 4.7) ,
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we have

P(X,>3) ~ P (N(3.5,o.172) > 3) —p (N(O,l) > 3&137‘5>

=1—0(—2.94) = 1—0.0016 = 0.9984.

6.3 Normal Approximation for Binomials

A binomial random variable can be written as the sum of iid Bernoulli ran-
dom variables. Let X be binomial with distribution B(#, p). If we denote by
Y; the outcome of the i-th trial (1 for “success” and 0 for “failure” as usual),
then Y;’s are iid with E[Y;] = p, Var[Y;] = pgwithg =1 — p, and

X=Yi+ Yo+ -+ Y
By the central limit theorem, when n is large, we have the normal approxi-

mation:

X~ pq ~
;~N<p,n> or X~ N(np,npq).

Thus, the computation of binomial distributions can be converted into that
of normal distributions, which is in general much more succinct.

Example 6.3. Toss a fair coin 100 times. Let X be the total number of heads.
Compute the following probabilities: P(X < 50), P(X = 50), and P(X >
60).

Solution: X is B(100,0.5) and thus approximately N(50,5%) by the central
limit theorem. It follows that

P(X <50) ~ P(N(50,5%) <50) = 0.5

P(X =50) P(N(50,5%) =50) = 0

P(X>60) ~ P(N(50,5%) >60) = P(N(0,1) >2) = 2.3%.

Q

Remark 6.1. There are a couple of scenarios where normal approximations
will not work well. One scenario is when 7 is not large enough. A rule of
thumb for 7 to be considered large is when

_max(p,q)

min(p, q)
Another scenario where we have to be careful is when the probability is
about extreme events (for example, events that X is close to 0 or 7). Normal
approximation usually does not work well for such events.

n>9
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Chapter 7

Basics of Point Estimation

Statistical inference is closely related to the theory of probability. In the lat-
ter, we study the probabilistic behavior of the outcomes of stochastic sys-
tems based upon various assumptions and conditions. In contrast, the goal
of statistical inference is kind of opposite in the sense that, after observing
the outcomes of a stochastic system, what can we infer about the assumptions
and conditions we have imposed on the system.

There are two large schools of philosophically different approaches to-
ward statistical inference. On one side, the frequentist statistics; on the other,
the Bayesian statistics. Both follow the identical rules of probability. They
differ, however, in their interpretation of uncertainty. Take, for example,
coin tossing. A coin with unknown probability of heads (say 0) is tossed n
times and we observe x heads. How do we estimate 67

o Frequentist Point of View: OK, let us ignore the data (observing x heads)
at the moment. The probability of heads 6 is unknown but fixed. If
we toss the coin 7 times, the number of heads X should be binomial
B(n,0). A good estimate for 6 should be

=%,
n

because we can prove all sorts of nice properties about it. We can also
characterize the error associated with this estimate (bias and variance,
mean square error, and so on), tossing in a few confidence intervals
into the mix. All of these derivations are based on X, not x. This is im-
portant because it means that all these estimates/confidence intervals

are functions of X, thus random variables themselves!

103



Once all this is done, we pick up the data x and plug in X = x to re-
port estimates and confidence intervals, while keeping in mind that
the specific values in our report are a realization or instance of our
true estimates and confidence intervals, which are all random vari-
ables.

Bayesian Point of View: OK, we have a coin with unknown but fixed
probability of heads 6. But before we do any analysis, let us quantify
what we mean by “unknown”. For someone (Person A) who is clue-
less about 6, he may perceive that 6 could be of any value between 0
and 1, and no value can be more likely or less likely than the other.
For another person (Person B) who thinks that the coin is more likely
to be fair than otherwise, he may perceive that 6 could be any value
between 0 and 1, but it is more likely to be around 0.5.

For Person A, one can depict his belief of the unknown parameter ¢
by a uniform distribution on [0, 1] — no point is more or less likely
than another. For Person B, his belief of 6 can be represented by a
different probability density function that has higher values around
0.5. In other words, a person’s belief or uncertainty of the unknown
parameter 6 can be summarized by some probability distribution on 6.
We should emphasize that this “probability distribution” is not that
the true value of 0 is random, but represents our “subjective degree of
belief” on the unknown (but fixed) parameter 6. It can be viewed as
our prior knowledge about 8, and is said to be the prior distribution.
For this reason, 6 will be treated as if it were a random variable in the
consequent analysis. The randomness is not from the true value of 9,
but represents our perception of 8. Also for this reason, the probabil-
ity in Bayesian statistics is said to be subjective.

Now we can take into consideration of the data. The coin has been
tossed n times and we have observed that X = x heads. This of
course will change, or more precisely, update our perception of the
parameter 8. Our new degree of belief of 6 can be summarized by
f(6|X = x), the conditional probability density function of 6 given
X = x, which is said to be the posterior distribution of 8. We can
now report our estimate of 8 with this posterior distribution and/or
any of its summaries such as the posterior mean of 8, posterior mode,
credible intervals (Bayesian version of confidence intervals), and so
on.

Some people criticize the Bayesian approach, because of its subjec-
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tive nature in philosophy and that the inference or the posterior dis-
tribution is affected by the prior distribution (which could differ by
different investigators), besides the data. But it can be proved that,
with more and more data, the impact of prior becomes weaker and
eventually vanishes.

Our introduction to statistical inference will be frequentist. We will cover
point estimation, confidence intervals, hypothesis testing, and linear re-
gression.

7.1 Basic Setup and Terminologies

In classical point estimation, the observations or the data are often assumed
to be a realization or instance of a sequence of samples {Xi, X, ..., Xy},
which are iid random variables from a common probability distribution
fo(x). The number 7 is said to be the sample size. The probability distribu-
tion fg(x), which can be in the form of a probability mass function, prob-
ability density function, or cumulative distribution function, or as such, is
said to be the population distribution. The parameter of primary interest,
8, unknown but fixed, and often the subject of estimation and/or testing, is
said to be the target parameter or population parameter.

Definition 7.1. An estimator for a population parameter 6 is a function of
samples, designed for the purpose of estimating 6. It is often denoted by

6=0(X1,Xa,..., %)
It is a random variable by definition.

1. We say @ is consistent if & — 6 with probability one, as the sample
size n — oo.

2. The bias of 8 is defined to be E[f] — 6.
3. We say 0 is unbiased if E[f] = 6.

4. The mean square error of 0 is defined to be E[( — 0)?].

Lemma 7.1. Denote by B(8) the bias of 8. Then the mean square error of 6,
denoted by MSE (), satisfies

MSE(8) = [B(8)]? + Var]d].
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Proof. Denote a = E[8]. Then B(8) = a — 6. By definition, MSE(8) =
E[(8 — 0)?]. Therefore,

MSE(f) = E[@—a+a—6)
E[(0—a)?] +2(a—0)E[6—a] + (a—0)>.

The first summand on the right-hand-side is Var[d]; the second summand
is 0 since E[f] = a; the last summand is [B(8)]? by definition. We complete
the proof. |

7.2 Comparisons of Estimators

There can be various estimators for a single population parameter. There-
fore, the comparison of these estimators becomes an important topic. Def-
inition 7.1 has introduced a few concepts or criteria in that direction. Con-
sistency, bias, and mean square error all measure the error of an estimator
from the target parameter 6, in one way or another. Among them, consis-
tency is a rather weak criterion.

The more interesting discussion is between bias and mean square error.
The error of an estimator is largely determined by two quantities: bias and
variance, because

6 —0 = (80— E[0)) + Bias(9).

In that sense, mean square error takes both into consideration. In practice,
an estimator with smaller mean square error is more desirable. In partic-
ular, if two estimators are both unbiased, then the one with the smaller
variance is preferred.

Red: unbiased
Black: unbiased
Blue: biased

Example 7.1. We wish to estimate the probability of heads P(H) = 0 of a
coin. To this end, we toss the coin n times. Denote by X; the outcome of the
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i-th toss, with 1 for heads and 0 for tails. Thus all those {X1, X5, ..., X, }
are iid Bernoilli random variables with parameter 6. That is,

For the following estimators of 8, determine if they are unbiased and con-
sistent, and evaluate their mean square errors.
L X+ X+ Xy AL X1 X0+ + Xy

. i~ x
01 . , 6 w, 03 P

Solution: The consistency of §; and 85 is implied by the strong law of large
numbers. 0, is not consistent obviously. Let B(8) denote the bias of an
estimator. Then

B(8)) =E[%)-06=0, B(8)=E[B]—-0=0,
AN TIA no -6

:n—l—l_g_n—i—l'

Thus 6; and 9, are unbiased, but 85 is not. We will summarize the results
in the following table.

consistent | not consistent
biased 03 SO many
unbiased 61 6,

The take-away message from this table is that bias and consistency has no
definitive relation. Finally, thanks to Lemma 7.1,

MSE(8y) = [B(8))]2 + Var[fy] = Var[fy] = @
MSE(8,) = [B(8,)]? + Var[8,] = Var[#,] = 8(1—0)

02 6%+ n6(1—0)
(n+1)? (n+1)?

An interesting exercise is to compare the mean square errors of §; and 0s.
It will turn out that none is always better than the other. |

MSE(ég,) = [3(93)]2 —|—Va1‘[é3] = +Var[é3] =
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Example 7.2. Let X, X, ..., X, be iid samples uniformly distributed on
[0, 6]. We wish to estimate 6. Consider two estimators:

2(X1+ X4+ Xn) 4
1= . , b=

n+1

max(Xi, Xp, ..., Xy).

D>

Show that both estimators are unbiased but MSE(8,) < MSE(6;). Find an
estimator whose mean square error is less than 6;’s.

Solution: Recall that E[X;] = 0/2 and Var[X;] = 62/12. Therefore 0, is
unbiased with

4 np? 6

n2 12 3n’

To analyze 6>, denote L = max(Xy, Xp, ..., X,). We first find the probabil-
ity density function of L. Note that L takes valuesin [0, 8]. Fixany x € [0, 6].
We have

Var[él] =

n

n

P@gxﬁﬁwggmﬁgmuw&gxﬁﬂjmxgm:(@.
i=1

Taking derivative with respect to x, we arrive at the probability density

function of L:
nx"-1

f(x)= o Lio,g (x),

from which it follows that

_ 0 _ no 21 o 2 _ 7’192
Eukiéxﬂﬂdx_n+l, HL]_A;xﬂ@dx_n+2,
and thus
Ay n+1 _ A, (m41)? S
E[92] - n E[L] — 9, Var[92] — Tvar[L] — m

Therefore 8, is unbiased and MSE[6,] = Var[6,] < Var[8;] = MSE[,].

It remains to construct an estimator § with a smaller mean square error
than 8,. An interesting fact, though it has no impact in our construction,
is that 0, has the smallest variance among all unbiased estimators for 6.
Thus 8 will necessarily be biased! Take 0 = cB, for some constant ¢ to be
determined. Then

B(8) =E[6) — 0 = E[cfy] — 6 = (c —1).
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and

. . C292
Var[@] = Var[c92] = m
Therefore,
MSE(8) = [B(8)]> + Var[f] = 6 | (c —1)* + < :
n(n+2)

Note that we recover the mean square error of 8, if we take c = 1. Thus all
we need to do is to find c that minimizes the right-hand-side (a quadratic
function of c), which will automatically yield an estimator with a smaller
mean square error than 8,. This is rather simple. Taking derivative with
respect to c and setting it to 0, we have

2c _ n(n+2)

2(c—1)+m:0 or C—m.

The corresponding estimator is

n+2
n+1

0= ch, = max(Xi, Xp, ..., Xy).

7.3 Estimators for Population Mean and Variance

It is a common task in statistics to estimate population mean and variance.
Let {X1, X2, ..., Xy} be iid samples from some population distribution with
mean p and variance 0?. The sample mean and sample variance are de-

fined by

Y:X1+X2+“‘+Xn Sz;
" n ’ Cn—1:

respectively.

Lemma 7.2. Let {Xi, Xy, ...} be iid random variables with E[Xq] = w and
Var[Xi] = 0% Then X, and S? are unbiased estimators for population mean
w and population variance o2, respectively. Furthermore, X, and S? are both con-
sistent. That is,

Xn— U, $? - o?

with probability one, as n — oo.
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Proof. Observe that E[X,| = p trivially and X, — p by SLLN. Thus X,, is
an unbiased and consistent estimator for . For the sample variance S?, we
have

'M=
B
|
>

n n

< 2

D) = Y X —2X, Y X +nX,
i=1 i=1

n n
— Y X —2uX, 40X, = Y X —nX,
i=1 i=1

Furthermore,
E[X7] = E*[X;] + Var[X;] = 1* + o
and 1
E[Xiz’l] = EZ[Yn] +Var[yn] = ”2 + EO‘Z'
Therefore,

E[s?] = % (_1 E[X] —nE[Zi]> = 2.

1

In other words, $? is an unbiased estimator for the population variance o2.

As for the consistency of S?, we note that by SLLN,

n 1 —2
52:71_1-(;2)(3—)(”) — 1-(E[X?] — 1?) = 0%
i=1

We complete the proof. |

The sample mean X, is an unbiased estimate for the population mean
. Its standard deviation is

og, =/ Var[X,] = \/iE

which is a measurement of the error of X,, as an estimate of ;. Even though
o is unknown, we can use S as an approximation. This leads to the stan-

dard error of X,,:

SE.(X,) = —.

Vn
Many times, we will use the term ”standard error” for similar quantities in
statistics.
Our discussion on estimators for population mean and variance can
easily extend to the case of estimating the difference of population means
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and its variance. For example, suppose {Xi, X, ..., X,,} are iid samples
from Population 1 with mean px and variance (r)zi, and {Y1,Ys,..., Yy} are
iid samples from Population 2 with mean py and variance o2. Our interest
is to estimate 0 = ux — puy. A natural estimator would be

0=X,—Y,.

Clearly , this estimator is unbiased and consistent (as n, m — o0). Its vari-
ance is, by independence,

. _ _ 02 o2
Var[0] = Var[X,]| + Var[Y,,] = 7?( + ZY

We can use the sample variances to approximate the population variances,
which leads to the standard error of 6:

. /S3 S2
smm:-%+#.

Remark 7.1. In point estimation, it is standard to report both the estimate
and the associated standard error (or at least some rough idea of its magni-
tude). The latter is important because an estimate without a sense of error
is meaningless.

7.4 Estimator for Population Proportion

Estimating population proportion is a special case of estimating population
mean. More precisely, suppose {X1, Xz, ..., X, } are iid Bernoulli random
variables with

P(Xi:1):p, P(XiZO):l—p.

Our parameter of interest is p, the population proportion. It is also the
population mean since E[X;] = p. The estimator is of course the sample
proportion (which is also the sample mean)

X1+ X+ o+ X,
. .

p g
Its variance is

Var[p] = %Var[Xi] = @
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When we use p to approximate p in the formula of variance, we obtain the
standard error of sample proportion p:

SE.(p) = PA=Pp)

The extension to the case of estimating the difference of population
proportions is straightforward. More precisely, suppose {X1, Xz, ..., Xu}
are iid Bernoulli samples from Population 1 with P(X; = 1) = px and
{Y1,Ys, ..., Yy} iid Bernoulli samples from Population 2 with P(Y; =1) =
py. The estimator for the difference 8 = px — py and its standard error are

A ~ n N A 1_,\ A 1_,\
0 = px — Py, S.E.(e):\/PX( - PX)+PY( _ PY)‘

Exercise 7.3. You may ask why we are not using sample variance to esti-
mate the variance of p, just like what we have done in Section 7.3, since p
is also the population mean. The answer is that it is unnecessary — even if
you do so, it will be nearly identical when 7 is large. Show that the sample
variance when {Xj, Xy, ..., X, } are Bernoulli random variables is

SZZnﬁ(l_ﬁ)
n—1

7

which is essentially p(1 — p) when n is large. (Hint: X? = X; for all i)
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Chapter 8

Confidence Interval

In point estimation, it is common to report both the estimate and the associ-
ated standard error. It is also quite common to report both the estimate and
the associated confidence intervals, which is another type of measurement of
error and more meaningful when the distribution of the estimates are not
normal or approximately normal.

Definition 8.1. Throughout the notes, for any « € (0, 1), we define z, to be
®~!(1 — «), or equivalently, the unique number such that

P(N(0,1) > z4) = «

a | 025 ] 0.05 0.025 0.005
Zo | 0.67 | 1.64 | 1.96 ~2 | 2.58

Definition 8.2. A confidence interval with confidence level (1 — «), or
a (1 — ) confidence interval, for a population parameter 0 is a random
interval [L, R] such that

1. L and R are both functions of samples {X1, X5, ..., Xy };
2. P(O€[L,R])=1-a.

Example 8.1. Let { X, X, ..., X, } be iid samples from the population dis-
tribution N (6, 0?). The target parameter is the unknown population mean
0. We assume, at the moment, that the population variance o2 is known to
us. This is unrealistic, but we adopt this assumption to illustrate the idea
of confidence interval. The estimator for 6 is the sample mean

O 4+ X
GZXH:X“FXZ: Ry
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Since X;’s are iid normal random variables, 8 is normal with mean 6 and vari-
ance o /n. It follows that, for any « € (0, 1),

00
This amounts to P (L < 8 < R) =1 — «, where
A o A o
L:g—Zoc/2ﬁ, R:9+Z“/2\/—E'
In other words, [L, R] defines a confidence interval of 8 with confidence
level 1 — a.

In practice, the population variance 0 is unknown. But we can use the
sample variance S? to approximate 0. Also, recall that

2

A S
SE.(0) = —.
0 =7
We can find an approximate confidence interval with confidence level 1 —
in the following form

[é —2,,SE.(8), 0+ 2, /2s.E.(é>}

For instance, suppose we have n = 100 samples from a normal distribution
with mean 6. Assume that the sample mean and sample variance are (say)

¥=23, =4

respectively. Then a confidence interval with confidence level 95% is (we
take 29025 = 2)

4 4
23—2-J£;,23+2~1C— =[1.9, 2.7].

v/100 v/100

We would like to remark that we have used lower case ¥ and s? to represent
the values of X, and S? from a specific set of samples. |

Remark 8.1. (understanding confidence interval) In Example 8.1, we end up
with a 95% confidence interval [1.9,2.7] for the population parameter 6.
Does this imply that the interval [1.9,2.7] has a 95% probability to cover the true
value 87 The answer is NO. The true parameter 6 is an unknown but fixed
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number. The interval [1.9,2.7] will either cover it or not. There is no middle
ground. So what does this 95% confidence level mean?

The true 95% confidence interval is a random interval. When we apply
the formula of this random interval to a specific collection of samples, we
will produce a specific realization or instance of the random interval such
as [1.9,2.7]. We cannot tell for sure whether this specific interval covers
the true value 8. However, if we repeat this procedure 100 times and ap-
ply the formula to 100 different collections of samples, we can be confident
that roughly 95 of the 100 resulting confidence intervals will cover the true
value. So in that sense, this 95% confidence level is referring to the proce-
dure of generating the confidence interval.

Remark 8.2. The tighter the confidence interval, the more accurate the es-
timate. To reduce the size of a confidence interval by half, we need to
quadruple the sample size, everything else being equal.

Remark 8.3. Confidence interval is not unique, given the same confidence
level. One approach is to pick the tightest one, that is, the one with the
shortest length (R — L). This is probably the most ideal choice, but difficult
to implement in practice. A commonly adopted approach is to choose L
and R such that

P(9<L):P(9>R):§.
This is what we have done in Example 8.1. When the error § — 0 is symmet-
rically distributed with a single mode (like normal), these two approaches
coincide. Thus the confidence interval in Example 8.1 is also the tightest.

Remark 8.4. Confidence intervals such as [8 — x, 8 + x| are often denoted
by

0+ x
for notational simplicity.
Exercise 8.2. Each of 100 students is asked to independently draw samples
from a population distribution and form a 95% confidence interval of the

population mean. What is the probability that at least one of the intervals
do not cover the true population mean?

8.1 Large Sample Confidence Interval

Example 8.1 derives the form of confidence intervals under the assumption
that the population distribution is normal. This assumption is not essential.
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The key step in the derivation is that ”8 is normally distributed” (the red
text in the example). In general, if an estimator such as 8 is approximately
normally distributed, the same derivation will work and a confidence in-
terval for 6 with confidence level (1 — «) is approximately

6+ z,x/ZS.E.(é).

In many studies, even if the population distribution is not normal, an esti-
mate 0 will be approximately normal. In particular, if 8 is

e sample mean,

e sample proportion,

difference of sample means,

difference of sample proportions,

then 0 is approximately normal when the sample sizes are large, thanks to
the central limit theorem.

Example 8.3. Samples of life span of nonsmokers and smokers are collected
and the summary of the data is shown in the table. Find the 95% confidence
intervals for the average life span of nonsmokers and smokers, respectively,
and their difference.

Solution: Let pp and p denote the population average life span of non-
smokers and smokers, respectively. Let 6 = p1 — i be the difference.

1.

sample size | sample mean | sample std
Nonsmokers n =236 x=172 $1=9
Smokers m =44 v =62 sy =11

95% confidence interval for py: The estimate for pg is X, and the 95%

confidence interval is

425 —7040 ) _ i3

NG

confidence interval is

52

yj:Z\/E

V36

V44
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3. 95% confidence interval for 6: The estimate for 8is § = X — % = 10. The
standard error associated with 0 is

. 2 s2 92 112
E. :\/—1 22—/ =4 — =224
SE.(9) n + m 36 + 44

The 95% confidence interval is

6+ 2SE.(0) = 10+ 4.48.

Example 8.4. A coin is tossed n times and X is the total number of heads.
Find the 95% confidence interval for p, the probability of heads.

Solution: The estimate for p is sample proportion p = X/n. The 95% confi-
dence interval is
51— 7
pL2SE.(p) =p+2 M.
Example 8.5. In order to compare the proportions of supporters among
male and female voters for a candidate in an upcoming election, a random
sample of 100 male and 100 female voters are selected.

Sample size | Support
Male 100 80
Female 100 60

Let py, and ps denote the population proportion of supporters for the can-
didate among male and female voters, respectively. Find a 95% confidence
interval for p,, — p Iz

Solution: The estimates for p,, and p; are respectively p,, = 80/100 = 0.8
and ps = 60/100 = 0.6. Thus the estimate for p,, — py is

pm—p;=08-0.6=02

and the confidence interval is

0.8(1—0.8) 0.6(1—0.6)
242 =0.2+0.13
0 \/ 100 100
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Chapter 9

Maximum Likelihood Estimate

In this chapter we discuss one of the most commonly used estimators in
statistical inference, the maximum likelihood estimate (MLE), and its asymp-
totic properties.

Definition 9.1. Let { X3, Xy, ..., X, } be iid samples from a population with
distribution fg(x). Here fy is the probability mass function if X;’s are dis-
crete and the probability density function if X;’s are continuous. The Like-
lihood function is defined to be the joint distribution of {Xj, Xy, ..., X, }.
That is,

Lo(x1,x2, ..., xn) = fo(x1) fo(x2) - - - fo(xn).

The maximum likelihood estimate 8 is defined to be the 0 that maximizes
the likelihood Lg(X1, Xz, ..., Xu)-

Example 9.1. Let Xj, Xy, ..., X, be iid samples from a Bernoulli distribu-
tion with parameter p. Find the maximum likelihood estimate for p.

Solution: For a Bernoulli random variable X; with P(X; = 1) = p and
P(X; =0) =1 — p, we can express its probability mass function as

fo(xi) = P(Xi = x;) = p“(1-p)'™%, x=0,1

Therefore, the likelihood function is

-

I
—_

Xi.

Lp(xll x2/ . '/xi’l) = prl(l - p)lixi = px(l - p)nix’ X =
i=1

To maximize the likelihood is equivalent to maximizing the log-likelihood:

logLy(x1,x2,...,%,) = xlogp + (n — x) log(1 —p).
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The maximizer p* satisfies

~ -0 or pr=2
pro1-pr P

Therefore, the maximum likelihood estimate of p is (replacing x; with X;)

X Xi+X+ -+ X

p_n n ’

which is the sample proportion. [ |

Example 9.2. Let Xj, Xy, ..., X,, be iid samples from a Poisson distribution
with parameter A. Find the maximum likelihood estimate for A.

Solution: The likelihood function is

n AXi o AXitx2t X

L}\(Xl,XQ,. . .,xn) = He*A—" =e
-1 X

X1!XQ! . ‘xn!
To maximize the likelihood is equivalent to maximizing the log-likelihood:
logLy = —nA+ (x1+x2+ - - -+ x,) logA — log(xq!xp! - - - x1).

The maximizer A* satisfies

1 o ..
—nt (a5 =0 or A*:x1+x247; +x

Therefore, the maximum likelihood estimate of A is (replacing x; with X;)

j_Xl‘i‘XZ‘i‘““i‘Xn
n 7

which is the sample mean. [ |

Example 9.3. Let X1, X5, ..., X, be iid samples from a normal distribution
with mean p and variance 0. Find the maximum likelihood estimates for
uand o.

Solution: In this problem, the population parameter 6 = (u, o) consists of
two unknowns. The likelihood function is

1 1 2 2
Lo(x1,x2,...,%,) = o~ (xi—w)?/(20%)
o(x1, x2 ) 11:_! —
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and the log-likelihood function is

n 2

o (xi — )
logLo(x1,x2,...,%,) = —nlogV2m— nlogo—l; lZT'

Taking derivatives with respect to 1 and o and setting them to zero, we
arrive at the equations for the maximizer 6* = (u*, 0™):

n * n *\2
B —x n (xi — ")
Loy T E
Solving them, we have
¥ _=_ X1+ Xo+ Xy RO —\2
pr=x= " , (0% :EZ(xi—x).

o1y
X;, &:EZW—&ﬂ

n
i=1 i=1

|-

f=X,=

Note that {1 is indeed the sample mean. But 62 is not exactly the sample
variance, though the difference is quite negligible when 7 is large, neither
is it an unbiased estimator for the population variance o>. |

Example 9.4. Let X1, X5, ..., X, be iid samples from an exponential distri-
bution with rate A. Find the maximum likelihood estimates for A.

Solution: The likelihood function is

n
L]\ ('xll X5, ..., xn) — HAefoi — Ai’lefA(X1+X2+"'+Xn)‘
i=1

Here we have omitted the indicator function 1y} in the probability den-
sity function for exponentials, because the samples are all automatically

nonnegative. To maximize the likelihood is equivalent to maximizing the
log-likelihood:

logLy = nlogA — A(x1+x2+ -+ xy)

The maximizer A* satisfies
n
X1 Fx 4 X,

n
F+(x1+xz+--~+xn)=0 or Af=
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Therefore, the maximum likelihood estimate of A is (replacing x; with X;)

A— n _ 1
X+ X+ X X,
This estimator is not an unbiased estimate for A. ]

Example 9.5. Let Xj, X;, .. ., X, be iid samples from a uniform distribution
on [0, 0]. Find the maximum likelihood estimates for 6.

Solution: The likelihood function is

Lg(xl, X2, .., xn) =
i=1
Here we have omitted the indicator function 1) (x;) in the probability
density function for uniforms, because the samples are all automatically
within the interval [0, 0]. However, since 6 > X(ny = max(x1, X2, ..., Xn),
the maximizer for the likelihood function is

9* = X(n) .
Therefore, the maximum likelihood estimate of 8 is (replacing x; with X;)
0 = Xy = max(Xy, Xz, ..., Xu).

This estimator is not an unbiased estimate for 8 — it always underestimates
the true value of 6. |

9.1 Asymptotic Properties of MLE

We are primarily interested in the properties of maximum likelihood esti-
mators when the sample size n is large. However, since a rigorous treat-
ment will require a number of carefully stated technical conditions, we
should restrict ourselves to informal arguments.

For notational simplicity, we only consider the case where the popu-
lation distribution is continuous with probability density function fg(x).
There are a few basic conditions we would like to impose throughout in
order to facilitate our analysis: (1) The probability density function fg(x)
is different for different 8; (2) 0 consists of a single unknown parameter;
(3) fo(x) is differentiable with respect to 0 to any orders; (4) There exists a
unique maximum likelihood estimate. We also let @ and 6* denote the max-
imum likelihood estimate and the true value of the population parameter
0, respectively.
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Lemma 9.1. (consistency) Under some regularity conditions, the maximum like-
lihood estimate is consistent. That is, § — 0% as n — oo.

Proof. This is the sketch of a proof. The maximum likelihood estimate @
maximizes the likelihood function, or equivalently, the log-likelihood func-
tion (scaled by n)

1 &
fg(Xl, X2, ey Xn) = E Z logfg(Xl)
i=1

Thanks to the strong law of large numbers and the assumption that X;’s are
iid with common probability density function fg-(x), we have

Co(Xi,Xa, . .., Xy) — E[log fo(X /logfg - fo (x) dx := H(6)

with probability one. It follows heuristically that the maximum likelihood
estimate 6, which maximizes the left-hand-side, should converge to the
maximizer of the right-hand-side. Therefore, it suffices for us to verify that
0* is the unique maximizer of H(0).

To this end, we introduce an inequality: log(x) < x —1 forall x > 0,
with equality if and only if x = 1. The proof of this inequality is left to the
interested students, which serves as a little exercise in calculus. With this
inequality, we have

H(6) — H(6") /1ogf9*3; o (x )dxg/R<J{;((§))—l>f9*(x)dx

But because fg(x) and fp-(x) are probability density functions, they both
integrate to 1. Therefore, the integral on the right-hand-side is 0 and

H(6) — H(6*) < 0

with equality if and only if fg(x) = fe-(x) for all x, which amounts to 6 =
6*. That is, 6* is the unique maximizer for H(6). We complete the proof. B

Our next result is to establish the asymptotic normality of the maximum
likelihood estimates. For that, we need the following technical lemma.

Lemma 9.2. If X is a random variable with probability density function fg(x),
then

[aae log fo(X >] =0, Var [a%logfe(X)] L [—;—;logfe(X)].
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Proof. The key observation is that, since fg(x) is a probability density func-
tion for every 6, we have

/ng(x)dx:
which implies that
_ dfe
0 = g f o = [5G
d
0= a92/f9 /af2
Denote
) 1 9f
go(x) = 55108fo(x) = £ 55 ()
02 1 9*f 1 [of
ORIl = F e s [gen]
2
~ o ) )P
It follows that

d
55 108 fo(X) = go(X).
Observe that

Elgo(¥)] = [ go(0)falx)ax = [ Foxjax=o,

2
1 afg() d

Varlgo(X)] = EIH0] = E |15 S0 = 55z 08 o).

However, since

02 02
E [fe(l %50 m] = [, Srt=o

we complete the proof. |

Theorem 9.3. (asymptotic normality) Under some regularity conditions, the
maximum likelihood estimate is asymptotically normal. More precisely,
9—9*]

2
Vn(@—6*) - N (0,%) ,  where 1(6*) = E [—5—921ogf9(x)

as n — oo. Here I1(6*) is said to be the Fisher information.
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Proof. This is the sketch of a proof. The maximum likelihood estimate @
maximizes the likelihood function, or equivalently, the log-likelihood func-
tion (scaled by n)

= 5 L1ogfo(x)

We have suppressed the dependence of £ on { Xj, Xa, . .., X, } for notational
simplicity. The maximum likelihood estimate 8 is the solution to the equa-
tion
0
20
However, by the classical mean value theorem, we have (the derivatives of
¢ are always with respect to 6)

0(8) = 0.

0=0'(8) = £'(6%) + £"(8) (0 — 6").

for some 0 that is between 6* and 6. However, thanks to Ehe consistency
of the maximum likelihood estimates, § — 0*. Therefore, 8 — 6* as well.
This and the strong law of large numbers imply

— —1(8")
0=0

=1 Y 5 108 fo(X)

with probability one. On the other hand, thanks to Lemma 9.2 and the
central limit theorem, we have

LN
Vil (%) = —=Y —logfe — N(0,1(6)).
=k aahent)]
It follows that
A ey V/nl'(6%) N(0,1(6) 1
[ Y (ORI COV
We complete the proof. |

Example 9.6. We should directly verify the asymptotic normality of the
maximum likelihood estimate for the Bernoulli distribution; see Example
9.1. Let X, Xy, ..., X, be iid samples from a Bernoulli distribution with
parameter p. The maximum likelihood estimate is p = X, the sample
proportion. Let g = 1 — p. It follows directly from the central limit theorem
that

vn(p—p) = N(0,pq).
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The Fisher information is
aZ
I — E = 10 X :| 7
(p) = |~ 53 108,(X)

where X is Bernoulli with parameter p and f,(x) its probability mass func-
tion. In other words,

fp(x) =p*q"™", logf,(x) = xlogp+ (1—x)log(l—p),

2 x 1—x
—a—p210gfp(x): P‘i‘ qZ .
Therefore,
X 1—-X 1 1 1
I =L |—=+ —] =4 - =
) [;ﬂ q? P oq pq
Theorem 9.3 holds for Bernoulli distributions. [ |

Example 9.7. We should directly verify the asymptotic normality of the
maximum likelihood estimate for exponential distributions; see Example
9.4. Let X1, X, .. ., X, be iid samples from an exponential distribution with
rate A. The maximum likelihood estimates for A is

A== "
X, Xi+X2+---+Xy
Thanks to the central limit theorem, E[X;] = 1/Aand Var[X;] = 1/A%, we
have

ko= (33~ w5 - x(od)

However, by the strong law of large numbers, X, — 1/Aand hence A — A.
It follows that

o 1
V(A —2A) = —A2N <o,ﬁ> = N(0,2%).
The Fisher information is
aZ

where X is exponential with rate A and f)(x) its probability density func-
tion, that is (we can assume x > 0 because X is nonnegative),

2

o 0 1
fa(x) = Ae™, logfa(x) =logA—xA, — Wlogh(x> =32

125



Therefore, I(A) = 1/A2, and Theorem 9.3 holds for exponential distribu-
tions. ]

Exercise 9.8. Recall Example 9.5. Let Xj, X5, ..., X, be iid sample from
uniform distribution on [0, 8]. The maximum likelihood estimate for 0 is

0 = Xy = max(Xy, Xy, ..., Xy)

1. Use the fact that X, is non-decreasing with respect to n to show that
X(n) 1s consistent.

2. Explain that Theorem 9.3 does not hold for this maximum likelihood
estimate.

3. In Example 7.2, we have derived the probability density function for
X(ny- Use it and the Chebychev inequality to show that for an arbi-
trary constant ¢ > 0,

This gives an idea of how close 8 is to the true 0.

This is an example where the maximum likelihood estimate is consistent
but not asymptotically normal.

9.2 Efficiency of MLE

We have shown some asymptotic properties of the maximum likelihood
estimate. But how does it compare to other estimates? It turns out that
in general the maximum likelihood estimate is asymptotically as efficient as
it can be, in terms of the mean square error. In this section, we will par-
tially prove this claim by comparing maximum likelihood estimates with
unbiased estimates.

Theorem 9.4. (Cramér -Rao Lower Bound) Let { X3, Xy, . .., X, } be iid sam-
ples from a population distribution fo(x). Then for any unbiased estimator 0 =
0(X1,Xa, ..., X,), we have

1
nl(0)

Var[f] >
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Proof. Without loss of generality, we will assume the distribution to be con-
tinuous and fg(x) is the probability density function for X;. Define

o(x) = 35108 fo(x) = = F ()

n

Go(x1,x2,...,%,) = de(xi)/ Y = Go(X1, X, ..., Xn).
i=1

Thanks to Lemma 5.2, the correlation between Y and 8 must be between
—1and 1. In particular,

Cov*(Y, 8) < Var[Y]Var[d].

Thanks to Lemma 9.2, we have E[go(X;)] = 0 and Var[ge(X;)] = I(6).
Thus,
E[Y] =0, Var[Y]=nI(8), Cov(Y,0) = E[Y0)],

and
E?[Y8] = Cov*(Y, ) < nI(8)Varld].

It remains to show that E[Y8] = 1. To this end, note that E[f] = 6 since @ is
unbiased. That is,

0 = /R” O(x1, -, xn)folx1) - - - fo(xn)dxs - - -dxy.

Taking derivative with respect to 8 on both sides and observing that

Slfolw) -+ folwa)] = Golx, . 1) falxa) - fala),

we have
1= /n O(x1, ..., xn)Go(x1, ..., xn) fo(x1) -+ fo(xn)dxy - - - dx,

Note that the integral on the right-hand-side is exactly E[0Y]. We complete
the proof. ]

The Cramér-Rao lower bound and Theorem 9.3 imply that the maxi-
mum likelihood estimate is asymptotically efficient, at least in the sense
that no unbiased estimates can do better. A similar result can be proven
even for biased estimates in terms of mean square error (barring possibly
a small set of 6’s). This justifies why maximum likelihood estimate is so
commonly used in practice.
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9.3 Sufficient Statistics

In this section we briefly discuss the sufficient statistics in statistical infer-
ence. It is the key tool in the study of unbiased estimates with minimum
variance. It also somewhat shows that the maximum likelihood estimate is
not easy to be improved upon.

As usual, let {X3, Xy, ..., X, } be iid samples from a population distri-
bution fg(x). Let T = T(Xj, X, ..., X,,) be a single or a family of random
variables that are functions of the samples (any such random variable is
said to be a statistic). For instance, T = X;,, or T = (Xj + X3, X;,) are both
valid examples of statistics, but T = 6(X; — X3) is not since T cannot de-
pend on the unknown parameter.

Now consider an arbitrary estimator 0= é(Xl, X, ..., Xy) for the pop-
ulation parameter 8. The variance decomposition formula (Exercise 5.38)
provides an interesting insight. Define

0 = E[0|T).

Then by the law of total expectation and the variance decomposition for-
mula
E[6] = E[8], Var[0] < Var[d].

This seems to suggest that 0 is at least as good an “estimator” as § — they
have the same bias, but 0 always has a smaller (at least the same) variance.
However, the problem with this technique is that 6 may not be an estimator
after all. The calculation of the conditional expectation E[8] T] will involve
6, which means 6 may depend on 6.

That said, what if E[8] T] does not depend on 8? If this is the case, then
0 is a better estimator than the original estimator 8 (at least as good). For
this to happen, we would need the conditional distribution of (X1, Xa, . .., Xy)
given T does not depend on 0 at all. What this condition says is that all the
information about 6 within the data {Xj, X, ..., X;;} is contained in the
statistic T. For this reason, any statistic that satisfies this condition is said
to be a sufficient statistic. There is a very simple criterion for a statistic to
be sufficient. Well, at least the statement is quite simple. But the proof is a
different story. Interested students can try to prove the theorem for discrete
distributions, which is quite doable.

Theorem 9.5. (factorization criterion) A statistic T = T(x1,x,...,%,) IS
sufficient if and only if

fg(xl)fg(.X‘z) ce ‘fg(xn) = h(xl, X2, .. .,xn) . GQ(T(xl, X2,.. .,xn))
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for some function h that does not depend on 6 and some function Gg(t) that only
depends on 0 and t.

A sufficient statistic T sometimes consists of a family of random vari-
ables all of which are functions of samples. It does not have to be unique.
For example, an n-component statistic T(X1, X, ..., Xy) = (X1, X2, ..., Xu)
is automatically sufficient for any population distribution. But it is useless
since E[Q|T] = @ for all estimators . In general, we seek sufficient statistics
with as few components as possible.

The preceding discussion asserts that we only need to consider those
estimators that are functions of sufficient statistics, since otherwise we can
improve them by conditioning on sufficient statistics. So can we improve
the maximum likelihood estimator in that direction? Unfortunately the an-
swer is “no”. It is rather straightforward from the factorization criterion
Theorem 9.5 that a maximum likelihood estimate is always a function of
any sufficient statistic. Thus conditioning does not provide any improve-
ment.

Exercise 9.9. Consider the estimation problems in Examples 9.1 through
9.5. Show that the sample mean X, is a sufficient statistic for Bernoulli,
Poisson, and exponential distributions; X(n) is a sufficient statistic for uni-
form distribution; and (X,,, S?) is a sufficient statistic for normal with un-
known mean and variance.

Remark 9.1. Sufficient statistics is an important component in the study
of minimum variance unbiased estimators, whose goal is to find among all
unbiased estimators the one with the minimal variance. The idea is to find
a statistic, say T, such that

1. T is sufficient;

2. T is complete, which means that E[h(T)] = 0 for any possible values
of population parameter 0 if and only if & (f) = 0 for all ¢.

Now find an arbitrary unbiased estimator say 0. Define 8* = E[0|T]. The
completeness of T implies that regardless of what 8 is chosen, 6* is always
identical. Then 8* must be the minimum variance unbiased estimator.
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Chapter 10

Hypothesis Testing

A large part of statistical inference is about hypothesis testing. Many ques-
tions such as the effectiveness of a new drug, the fairness of a coin, or is
smoking bad for lung but good for Parkinson disease, and so on, can be
formulated into problems of hypothesis testing.

Hypothesis testing is very much analogous to NFL’s protocol for the
challenges of on-field calls. A coach is allowed two opportunities to chal-
lenge on-field calls.

1. A coach throws a red-flag to signal a challenge.
2. A referee must see incontrovertible visual evidence to overturn a call.

3. After reviewing the instant replay, a referee will say “the ruling on
the field stands” if no such visual evidence is observed.

4. The hypothesis is that the previous call should stand. A referee tries
to find strong evidence against this hypothesis during the replay.

5. Arefereeis very careful not to say “the ruling on the field was correct”
— what he means is that he could not find strong visual evidence to
disprove the previous call.

Statistical hypothesis testing is the same. The goal is to decide if the data
provides sufficient evidence to reject or disprove a particular hypothesis.
Try not to treat the conclusion about a hypothesis from a test as right or
wrong. When a hypothesis is not rejected, it does not mean the hypothesis
is correct. It only means that the data does not contain enough evidence
for us to dispute the hypothesis. On the other hand, when a hypothesis is
rejected, it does not mean the hypothesis is wrong. It only means that the
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data contains sufficient evidence for us to believe that the hypothesis is not
very plausible.

10.1 Elements of Hypothesis Testing

We will use a simple example to illustrate the essential elements of hypoth-
esis testing. In Spring 2009 two Berkeley undergraduates, Priscilla Ku and
Janet Larwood, undertook a task to perform 40,000 coin tosses to see if the
coin was fair. They took turn to toss the coin, which “only” cost them about
one hour per day for one semester. The result was 20,217 heads and 19,783
tails. Was the coin fair? Let p be the probability of heads. We wish to test if
the coin is fair or if p = 0.5. Our empirical data is that in n = 40, 000 tosses,
we have obtained X = 20,217 heads.

1. Set up a null hypothesis Hy and an alternative hypothesis H,. Null hypoth-
esis is the claim to be tested (against). In general, hypothesis testing
evaluates the strength of the empirical evidence against null hypoth-
esis. Without strong evidence, we will not reject the null hypothesis.
Often the null hypothesis is the one claiming “no difference” or con-
forming to conventional wisdom. In this example, we take

Hy: p=05 H,: p#0.5.

2. Set up a test statistic. A test statistic is a function of the samples, just
like an estimator. In many cases, a test statistic is related to the esti-
mator that one would use to estimate the parameter in question. In
this example, an obvious choice is

. X
p=
3. Quantify by P-value the strength of the empirical evidence against the null
hypothesis. P-value is defined to be the probability of observing the
test statistic as extreme as or more extreme than what is actually ob-
served, assuming that the null hypothesis is true. This means, in the
present example, we would study the probability of

20217

o 05> 20217
P 05’—'40000

— 0.5' = 0.005425,
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under the assumption that the coin is fair (Hp). Under Hy, p is ap-
proximately N(0.5,0.00252). Therefore,

P-value = P (|p — 0.5| > 0.005424) = 0.03.

This test is said to be a two-sided test because in the alternative hy-
pothesis p can be on either side of 0.5.

. Reporting your result: Many hypothesis testing problems have a pre-
tixed level of significance . A very commonly used level is « = 0.05.
This is the threshold to divide what we deem plausible or implausible
under the null hypothesis.

(@) When the P-value is less than or equal to «, we conclude that
something implausible has been observed if the null hypothe-
sis is true. Thus we can say that the empirical evidence is sta-
tistically significant for us to reject the null hypothesis. Again,
rejection of the null hypothesis does not mean the null hypoth-
esis is incorrect. It only means that the data seems to suggest
otherwise.

(b) When the P-value is larger than «, we conclude that our obser-
vation is plausible under the null hypothesis. Thus we can say
that the empirical evidence is not statistically significant for us to
reject the null hypothesis. Again, not rejecting the null hypoth-
esis does not mean the null hypothesis is correct. It only means
that the data seems to be compatible with the null hypothesis.

There are a couple of comments we would like to make. One is that
"statistical significance” changes depending on the significance level
a. For this example, if @ = 0.05, then the data is statistically signif-
icant for us to reject the null hypothesis. That is, we have sufficient
evidence to believe that the coin is not fair. On the other hand, if
a = 0.01, then the data is not statistically significant for us to re-
ject the null hypothesis. In other words, we don’t have enough ev-
idence to say that it is an unfair coin. Both interpretations are valid.
It shows that we cannot use conclusions such as ”correct/incorrect”
or "right/wrong” regarding the hypotheses. The second comment is
that “statistical significance” is not ”practical significance”. The em-
pirical proportion of heads is roughly 50.54%. A small practical dis-
crepancy can be statistically very significant, especially with a large
data set.
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Example 10.1. (Testing a population mean, one-sided test) Are mutual funds
better than index? Mutual funds often compare their performance with a
benchmark index. The Vanguard International Growth Fund benchmarks
its performance with EAFE index (Europe, Australasia, Far East). The fol-
lowing table is the performance difference (fund return - index return) each
year from 1984 to 2010, in percentage.

-840 0.78 -12.73 -12.15 -16.66 14.22 1140 -739 6.38
1218 -7.02 3.68 8.60 234 -3.07 -062 557 25
-1.85 414 -1.30 146 -042 481 -156 985 7.3

Solution: We first set up the null and alternative hypotheses. Let 8 be the
population mean of the difference (fund return - index return). Mutual
funds perform better than the index amounts to 6 > 0. Thus the hypotheses
are

Hy:0=0, H,:6>0.

We would like to find strong evidence against the null hypothesis and to
support the alternative hypothesis. This is a one-sided test because in the
alternative hypothesis 6 can only be on one side of 0 (value in the null
hypothesis).

You may ask why we don’t postulate the null hypothesis as Hy : 8 < 0.
The reason is that it is unnecessary. If we cannot find evidence to reject
8 = 0, we cannot reject & < 0 either. Besides, the P-value, even though
dependent on the true value of 8, will attain its maximum on the boundary
case 8 = 0. Therefore, the P-value will be identical if we write Hy : 8 < 0.
In many such one-sided tests, you will often see the null hypothesis Hy
expressed in this simplified form.

The test statistic obviously will be based on the sample mean X,,. Under
the null hypothesis, the central limit theorem (the sample standard devia-
tion S is a good approximation to the population standard deviation o)
implies that

X6

S/
is approximately standard normal, where 8y = 0 is the value of 8 in the null
hypothesis.

The data consists of n = 27 samples with sample mean X, = 0.52 and
sample standard deviation s = 7.89 (both in percentage). Therefore, the
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observed value of the test statistic is

_ =6 _ 052-0 _ 455
s/v/n  7.89/v27

In this one-sided test, being extreme means the sample mean and thus the
test statistic takes a large value. Therefore, the P-value is

z

P(Z > z) = P(N(0,1) > 0.3425) = @ (—0.3425) = 0.366.

If the significance level @ = 0.05 as usual, then P-value > «. Therefore,
we conclude that the data is not statistically significant to reject the null hy-
pothesis. That is, there is no strong evidence to suggest that mutual funds
perform better than the benchmark index. |

Example 10.2. (Comparing two population means) Do indoor cats live longer
than wild cats?

Cats | Sample size | Mean Life Span | Sample Std
Indoor 64 14 4
Wild 36 10 5

Solution: Let uy and py be the population mean life span for indoor cats and
outdoor cats, respectively. Our hypotheses are

Ho:m = w2, Hp:p > po.
The test statistic is the difference in sample means:
D=X;1—Xp

where Xj is the sample mean life span of indoor cats and X, is that of
outdoor cats. The observed value of the test statistic is

d=% —% =14—10 = 4.

Under the null hypothesis, D is approximately normally distributed with
mean 0 and standard deviation

2 2 2 2 12 2
o] o5 1 S5 4 5
°D n+m n1+n2 64+36 0.9
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In this one-sided test, being extreme means that the difference D takes a
large value. Therefore, the P-value is

P(D >d) = P(N(0,0.97%) > 4) < 0.00003

This P-value is less than the usual significance level &« = 0.05. Therefore,
we reject the null hypothesis. That is, there is statistically significant evi-
dence in data that suggests indoor cats live longer than outdoor cats. W

Example 10.3. (Comparing two population proportions) In order to test if there
is any difference in opinions on abortion between males and females, ran-
dom samples of 100 males and 150 females were taken.

Gender | Sample size Favor Oppose
Male 100 52 48
Female 150 95 55

Solution: Let p1 and p; be the population proportions of males and females
that support abortion, respectively. The hypotheses are

Ho:p1=p2, Hp:p1 #p2.

The test statistic is the difference in the sample proportions, that is,

D = p1 — pa.
The observed value of the test statistic D is
- 52 95
== _ 2 = _0.113.
d 100 150 0.113

For this two-sided test, the larger |D| is, the more extreme the outcome
becomes. Therefore, the P-value equals P(|D| > |d|), which should be
computed assuming the null hypothesis.

Denote p = p1 = p» under the null hypothesis. The central limit the-
orem implies that D is approximately normal with mean p; — p» = 0 and
standard deviation

_ (A =p1)  p2(1—p2) 1 1
05_\/ 1 - v, P2 o 2 _\/p(l_p)<n—l+n—2>.

Note that under the null hypothesis, p can be estimated using a pooled esti-
mate:

52+95

P =100+ 150 ~ 028
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Therefore, the standard deviation of D is approximately (under the null

hypothesis)
R R 1 1
\/”“‘” (G )

1 1
\/0.588(1 —0.588) (1—00 + 1—50> = 0.06354.

Q

b

That is, the distribution of D under the null hypothesis is approximately
N(0,0.063542). Thus the P-value is

P(|D| > |d|) = 2P(D > 0.113) = 0.075.

If the significance level is the usual @ = 0.05, then we cannot reject the
null hypothesis. There is no statistically significant evidence that suggests
males and females have different opinions on abortion. |

Exercise 10.4. Let {Xj, Xa, ..., X, } be iid samples from a population with
mean 0. Consider a two-sided hypothesis testing problem:

Ho:@zgo, Haig#go,

where 6 is a given constant. For any « € (0, 1), show that the following
two statements are equivalent:

1. The null hypothesis is rejected at significance level a.
2. The (1 — «) confidence interval of 6 does not contain 6.

You can assume that the sample size is large enough so that the central limit
theorem can be applied.

10.2 Errors and Power

Hypothesis testing can only provide answers about the plausibility of the
hypotheses. Due to the randomness of samples, it is inevitable that errors
will be made: rejecting a hypothesis when it is true or not rejecting (accept-
ing) a hypothesis when it is not true. We can categorize these errors in the
following table:

Reject Hy Accept Hy
Hy is true | type I error vV
H, is true vV type I error
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In other words, type I error is rejecting Hy when Hy is true, and type II
error is not rejecting Hy when H, is true. Let us consider a concrete example
in order to study the properties of these errors and their relations. This
study does not need any data — it only depends on the intrinsic structure
of hypothesis testing.

Example 10.5. Let {Xj, Xy, ..., Xy} be iid samples from N(6,1) with an
unknown mean 6. Consider the one-sided test:

Hy:6=0, H,:0>0.

Given a significance level «, what are the probabilities of type I error and
type II error, respectively?

Solution: The test statistic is the sample mean X,,. For this test, the larger X,
is, the more extreme the observations are. Therefore, if we have a specific
set of data with sample mean ¥, then

P-value = P(X, > %) =P (N (0, %) > Y)

because under null hypothesis X, is normally distributed with mean 0 and
variance 1/n. We reject the null hypothesis if and only if P-value < a. In
other words, we reject the null hypothesis if and only if {¥ > x*} where x*

is determined by
P(n(o3)2v)-a
n

The region {X¥ > x*} is said to be the rejection region (RR). To summarize,
the null hypothesis will be rejected if and only if X, falls into the rejection
region RR.

1. Type I error. This error happens when the null hypothesis is true but
the test statistic X,, falls into the rejection region. Therefore, the prob-
ability of type I error is exactly, by the definition of rejection region,
the significance level . That is,

P(typelerror) = P(RR|Hp) = a.

2. Type I error. This error happens when the null hypothesis is not true
but the test statistic X, does not fall into the rejection region (thus we
accept Hp). That is,

3 = P(type Il error) = P(RR‘|H,).
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This probability depends on the true value of 8. For instance, if the
true value of 01is 6y > 0, then

B=P(X, <x*when8=6)) = P (N (90,%> < x*> )

When 6y becomes larger (moves further away from the null hypothe-
sis), the probability of type II error becomes smaller. This is intuitive
in the sense that when the true distribution is further away from the
null hypothesis, it is more likely for the observations to fall into the re-
jection region (observations that are deemed extreme under Hy), and
less likely to fall outside the rejection region. |

The discussion in Example 10.5 can be extended to general hypothesis
testing problems. That is,

P(typelerror) = P(RR|Hp) = «
P(typell error) = P(RR‘|H,) = B.

Is it possible to make both probabilities of type I error and type II error
small, everything else being equal? The answer is NO. Both probabilities
are related to the rejection region. If one wishes to decrease the probability
of type I error, one needs to reduce the size of the rejection region. This
will, however, make the size of its complement larger, and hence make the
probability of type II error larger as well.

Power of a test is defined to be the probability of rejecting the null hy-
pothesis when the null hypothesis is not true (making the correct conclu-
sion). By definition,

Power = 1 — P(type Il error) = P(RR|H,) =1 — 3.

Analogous to the probability of type II error, power depends on the true
value of the population parameter. When the sample size increases or the
true value is further away from the null hypothesis, the power grows in
general.

Exercise 10.6. In Example 10.5, evaluate x* and use it to compute the prob-
ability of type II error and the power, assuming that the true value of 0 is
8o > 0. Show that when the sample size n increases or when 8y becomes
larger, the power grows.
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10.3 Neyman-Pearson Lemma

According to the discussion on type I error, type II error, and power, given
a significance level «, the rejection region RR satisfies

P(RR|Hp) = «, P(RR|H,) =1 — P(typell error) = power.

This brings up an interesting question. Among all possible rejection regions
RR that satisfy
P(RR|Hp) = «,

which one gives the minimal probability of type II error or the maximal
power? The optimal rejection region is characterized by the Neyman-Pearson
Lemma below, whose proof is deferred to Appendix A.

Lemma 10.1. (Neyman-Pearson) Let {Xi, X, ..., X, } be iid samples from a
population distribution with probability density function f(x). Consider the sim-
ple hypothesis testing problem

Ho: f(x) = fo(x), Ha: f(x) = folx).

Let & € (0, 1) be an arbitrarily given significance level. For each b > 0, define a
rejection region R, C R" by

- n. fﬂ(xl)fﬂ(x2>"'fﬂ(xﬂ)
Ry, = {(xl,xg,...,xn) e R": fo(xl)fo(XQ) : "fo(xn) > b},

Let b* be such that P(Ry+|Hp) = «. Then Ry yields the maximum power among
all rejection regions whose probability of type I error is bounded by o.

Example 10.7. Let X be a single sample from a population distribution with
the probability density function f(x). Suppose the hypotheses are

Ho: f(x) =1py(x), Ha: f(x)=2x1py(x).
Find the most powerful test given a significance level & € (0, 1).

Solution: Thanks to Neyman-Pearson Lemma, we only need to consider
rejection regions of form

RRb:{xe[O,l]: ;gggzz—fzb}:{xe[o,l]: ng}.
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In other words, the most powerful test has the rejection region given by
(denote the constant b/2 by a)

RR* ={x€0,1]: x> a}

for some constant a. All we need to do is to find a constant a such that the
probability of type I error associated with RR* is «, or equivalently,

= P(RR*|Hp) = P(X > a|Hy) =1—a.

This means 2 = 1 — «. Therefore, the rejection region for the most powerful
test is

RR*={x€[0,1]: x>1—a}.
Interested students may work out the power associated with this rejection
region. [

Example 10.8. Let { X3, Xy, ..., Xi,} be iid samples from a normal distribu-
tion with unknown mean 8 but known variance o2. Consider the hypothe-
ses

Ho:@zgo, Hg:gzgg,

where 6y and 6, are two distinct constants. Given an arbitrary significance
level « € (0, 1), find the most powerful test.

Solution: We first consider the case where 6, > 6y. Let X = (x1, x2, ..., X,)
and

Lo(X) = fo(x1)fo(x2) - - - fo(xu) 0)?/(20?)

be the joint probability density function. Thanks to Neyman—Pearson Lemma
10.1, the rejection region of the most powerful test takes the form Rj«, where

R, = {a‘c‘e]R”- 2208 >b}

Hy) = a. Plugging in the form of Lg, we

and b* is chosen such that P(Ry-

have
O IR PR
{Leo(f)zb}_{(gﬂ 90);%2 }

for some constant a that depends on o, 6,, 6y, 1, b — the formula for this
constant a is not important at all, the most important thing is the form of
the rejection region R;. Since 6, — 6y > 0, we can write

Rbi{feRn:YHZC}
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where ¥, is defined to be, as usual, the average of (x1,x2,...,x,). There-
fore, the optimal rejection region should be

R ={XeR": %, >}

where c* is determined by the equation

2
OC:P(XH > C*’Ho) =P <N <90,%> > C*> ,

or -
=60+ 24—
0 + (o4 \/E
This explicitly determines the optimal rejection region. If you compare this
with our Example 10.1 of hypothesis testing, you will see that this is exactly
the rejection region we have used there.
When 6, < 8y, the analysis is similar, except that the optimal rejection
region will take the form

7

We will leave the verification to the interested students. |

R ={X¥eR": %, <c*}, ¢"=6)—2z4

Remark 10.1. An interesting observation from Example 10.8 is that the op-
timal rejection region R* does not depend on the value of 6,, except whether
8, > 0y or 6, < Bp. This implies that R* indeed leads to the uniformly most
powerful test for one-sided test such as

Hy:0=6y, H,:0>6y or H,: 8 < 6.

However, it also shows that there is no uniformly most powerful test for a
two-sided test such as

Ho:@zgo, Hatg#go.
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Chapter 11

Regression

So far our study of statistical inference has focused on iid samples from a
population distribution. For example, if we wish to predict the final exam
score for a randomly selected student, we may simply use the average fi-
nal exam score from previous semesters to make our prediction. In other
words, we regard the student as a random sample from the population
of all students and use the previous sample mean to estimate the popula-
tion mean and then use it to predict the score of the said student. There is
nothing wrong about this. However, what if we know the midterm score
from this student? Will this information help us make a better prediction?
Even better, what if we have information such as the student’s performance
in other similar classes? How do we incorporate such information in our
prediction? In statistical inference, a lot of such studies involve regression
models. Among them, the most prominent family is without a doubt the
linear regression models.

11.1 Introduction to Linear Regression

In a linear regression model, there are two types of variables. One is the
dependent variable or response variable, which is usually denoted by Y.
The other is the independent variable or explanatory variable, which is
often denoted by x. If there are multiple independent variables, we some-
times denote them by a vector ¥, where each component of ¥ corresponds
to one independent variable.

In general, we would like to use the explanatory variables X to help us
predict the response variable Y, or help us explore the relation between the
explanatory variables and the response variable. Please note that the “de-
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pendent variable” or “independent variables” in regression does not mean
that they are dependent random variables or independent random vari-
ables, as we have been using in our previous discussion on probability and
statistical inference. They are dependent/independent variables in the clas-
sical mathematical sense, where we use them to describe functions. In our
previous example of predicting the final exam score of a randomly selected
student, the response variable Y is the final exam score of the student and
the explanatory variables may include the student’s midterm score, GPA,
and so on.

The relation between the response variable Y and the explanatory vari-
ables in linear regression is simply, linear. More precisely, suppose the ex-
planatory variables ¥ = (x1, x2, ..., x4). Then the linear regression model
assumes that

Y = Bo+ B1x1 + Baxa+ -+ Baxg +¢,

where f3¢, 31, . - ., B4 are constants and ¢ is a random variable with E[¢] = 0
and Var[¢] = o2 that represents the “noise”. Note that parameters such
as (Bo, B1, - - -, Ba) and o2 are population parameters and unknown. Sometimes
we abuse notation and express the linear regression model by

y = E[Y|X] = Bo + B1x1 + Baxa + - - - + Baxy.

Even though the linear regression models seem to deal with linear re-
lations exclusively, many interesting nonlinear models can be obtained via
linear regression and nonlinear transforms. Here are but a few examples of
polynomial, exponential, and power relations:

1. y = Bo+ B1x+ B2ax? + - - -+ Bx%: linear with alternative independent

variables ¥ = (x,x2,...,x%);

2. y = ceP*: linear with alternative dependent variable log(y);

3. y = cx*: linear with alternative dependent variable log(y) and inde-
pendent variable log(x).

11.2 Least Square Estimators

The classical procedure for estimating the parameters in a linear regres-
sion model is the method of least square. Suppose there are n observations,
denoted by (Y;, X;) fori = 1,2,...,n, where X; = (xj1, X2, ..., jq) has d
components. Then

Y;i = Bo + Bixi + Baxip + -+ BaXig + &
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for every i. We will assume throughout the chapter that ¢;’s are iid with mean
0 and variance 2. For this linear regression model, the unknown popula-
tions parameters are (3o, 31, ..., 34) and o2.

11.2.1 Matrix notation

We will use matrix notation extensively in the subsequent analysis. Recall
that for a matrix A, its transpose is denoted by A’. We also use Var[X] to
denote the covariance matrix of a random vector X. Define
]
B1

[Y1_| [1 X111 X2 v xld—|
Y, 1 x1 x2 - X4
Y: . ,X: . . . . . 7 ﬁ: . 7
{Yn‘ {1 Xnl Xp2 - xnd‘ {/ﬁ‘
&1
&2
e=1| . |.

Y=XB+e=E[YX]+e Var[Y] = Var[e] = 0°I,

Then

where I, stands for the identity matrix with dimension n x n, since ¢;’s are

assumed to be iid with mean 0 and variance o2.

11.2.2 Method of least square

The method of least square finds (Bo, Bi,..., Bd) that minimizes the sum
of squared errors defined by

L A
SSE=Y (Y;-Y)* =
=1 i

(Y: — Bo — Bixa — - — Baxia)?,

M=

I
—_

1

and uses the minimizer as an estimate for (8o, 81, . .., 34). Here
Vi = Bo+ Bixi + -+ Baxia

can be viewed as the prediction. Therefore, sometimes one can write the
sum of squared errors as

n
SSE = Y (observed value — predicted value)?.
=1

1
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In order to find the minimizer we observe that the sum of squared errors
can be written in the matrix form

SSE = (Y-Y)(Y-Y) = (Y-XB) (Y- Xp)
= Y'Y - 2BXY + BIXXB,

where . N
Bo 6

n B1 . Yo | .

B=1| .|, Y=| . | =X
Bd Y/n

Taking derivatives with respect to each component of 3 and setting them
to 0, we have a system of equations

X'XB = X'Y.

Therefore, the solution to the method of least square, which is our least-
square estimator for f3, is

B = (xXX)"Ix'y.

11.2.3 Properties of the least-square estimators

The derivation of the least square estimator 3 does not seem to use any
probabilistic properties of the model. But it enjoys some very nice proper-
ties. We will only list a few basic ones in this section.

Lemma 11.1. The least-square estimator B is an unbiased estimator for B with
covariance matrix Var[f3] = o?(X*X)~!. Furthermore, S* = SSE/(n—d — 1)
is an unbiased estimator for 0%, where SSE is the sum of squared errors.

Proof. By the model assumptions, Y = X + ¢. Therefore, E[Y] = X3 and
consequently
E[B] = (X'X)"IX'E[Y] = (X'X)"IX'XB = B.
That is, 3 is unbiased. Thanks to Exercise 5.45 and that Var[Y] = ¢°1,, we
have
Var[] = Var[(X'X)"'X'Y]
= (X'X)IX'Var[Y]((X'X)1x")f
= o2(X'X)IXIX(XIX) !
o2 (XX) L.
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Plugging in the formula of 3 and Y = X + ¢, we can verify that the sum
of squared errors SSE equals (we omit the tedious but straightforward al-
gebraic details)

SSE = (Y—-XB)(Y—-XB) = Y'Y - YXXX)'X'Y
= e X(X'X) 1 Xe.

Since ¢;’s are assumed to be iid with mean 0 and variance 0?2, it is not hard
to verify that Var[e' Ae] = trace(A) - 02 for any n x 1 constant matrix A. We
also recall from linear algebra that trace(AB) = trace(BA) for any m X n
matrix A and n X m matrix B, which implies that

trace[X(X'X) 'X!] = trace[(X'X) IX'X] = trace(I 1) =d + 1.
Therefore,
SSE = o?[trace(1,) — trace(I;41)] = o?(n —d — 1).
We complete the proof. |

Lemma 11.1 shows that the least square estimator /3 is unbiased. But
how does it compare to other possible estimators? Without any assump-
tions on the underlying distributions of the noise ¢, it is very hard to make
a general comparison. Even so, we have the following Gauss-Markov theo-
rem, which states that (3 is indeed optimal (in the sense of variance) among
all linear unbiased estimators. Its proof is deferred to Appendix A.

Theorem 11.2. (Gauss-Markov) The least square estimator 3 has the smallest
variance among all linear (with respect to Y) unbiased estimators for f3.

Exercise 11.1. Show that the least-square estimator f3 is indeed the maxi-
mum likelihood estimator for 8 when ¢;’s are iid normally distributed with
mean 0 and variance o2 (in this case, it can be shown that 3 has the smallest
variance among all unbiased estimators).

Exercise 11.2. To better understand the method of least square, let us con-
sider a very special linear regression model without any explanatory vari-
ables. That is, we assume

Yi=pBo+¢, i=1,2,...,n

where ¢;’s are iid with mean 0 and variance o?. This assumption is equiv-
alent to saying that Y;’s are iid with mean f3p and variance o2. Therefore,
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estimating 3p amounts to estimating the population mean from iid sam-
ples {Y1,Ys,...,Y,}. The least square estimator 3y minimizes the sum of
square of errors

SSE = f(yi — Bo)~
i=1

Show that S equals the sample mean of {Y1,Y>,...,Y,}, and its variance
is the smallest among all linear unbiased estimators (Gauss-Markov).

Exercise 11.3. Let Y and X = (%1, %, . .., X;) denote the average response
and average explanatory variables, respectively. That is,

_ n _ 1 n
Y:EZYV xl‘:E];xl‘j.

One can think of the point (X, Y) as the center of the data. Show that the
regression line always passes through it, i.e.,
Y = Bo+ Bixr + B + -+ Baa

Exercise 11.4. When there is only one explanatory variable (d = 1, simple
linear regression), we can denote the observations by (x;,Y;),i=1,2,...,n.
Show that the least square estimators are

r= Sxy x=2 i i, Y= i Y,
= X= - i Y= i

v/ Sxx Syy ni3 ni3
Remark 11.1. The consistency of the least square estimator j3 is dependent
on the explanatory variables. This is obvious from Lemma 11.1 since Var|[f]
depends on (XX)~!. One can develop very mild sufficient conditions for
consistency. For example, when there is only one explanatory variable,
it can be shown that 3 is consistent if the observed explanatory variables
{x1,x2,...,xp,...} donot converge as n — oo.
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11.3 Inference on Least Square Estimators

Throughout this section, we will conduct the inference assuming that the
sample size n is large. Under this assumption, the least square estimator
f3 and many of the relevant test statistics are approximately normally dis-
tributed. Actually,

1. if ¢/s are normally distributed, then B3, as linear combinations of these
independent normal random variables, is automatically (jointly) nor-
mally distributed, regardless of the sample size n;

2. if ¢/s are not normally distributed, then stronger versions of the cen-
tral limit theorem can show that 3 is approximately jointly normal
under mild conditions when the sample size # is large.

This assumption does not prevent us from conveying the main idea of in-
ference on least square estimators. For example, if 7 is not large, then many
of the test statistics are not normal, but have a Student’s t-distribution (with
appropriate degrees of freedom) under the classical normality assumption
on ¢;’s. The only modification one needs to make in the inference, such
as confidence interval or P-value, is to replace the normal distribution and
critical values such as z, by the appropriate t-distribution and the corre-
sponding critical values t,.

Thanks to the assumption of large sample size and Lemma 11.1, 3 is
normal with mean 8 and covariance matrix Var[j3] = o2 (X*X)~!. The pop-
ulation variance parameter 02 can be approximated by

6> =SSE/(n—d —1)

Therefore, (3 is approximately N (B, 62(X'X)~'). This allows us to con-
struct confidence intervals and perform hypothesis testing on the popula-
tion parameter 3.

Example 11.5. The winning speed (mph) for Indianapolis 500 auto races
from 1962 to 1971 were as follows.

Year x | 1962 1963 1964 1965 1966
Speed Y | 1403 143.1 1474 1514 1443
Year x | 1967 1968 1969 1970 1971
Speed Y | 151.2 1529 1569 155.7 157.7
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We will omit the computational details and simply report the results (all
these calculations can be easily done on any software such as MATLAB, R,
or Python). The regression line is given by

Y = B0+ Bix = —3469 + 1.84x.
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Figure 11.1: Indianapolis 500 auto races

with

7= P 657, Varifl =X = |

—157 0.282

5552 —157
n —

Estimate the change of winning speed per year and give a 95% confidence
interval. Is there statistically significant evidence that the winning speed
is increasing every year? What’s your prediction for the winning speed at
19747

Solution: The change of winning speed per year is the parameter 31. The
estimate is 81 = 1.84 and its 95% confidence interval is

B1 £ 20025S.E.(B1) = 1.84+2-0.28 = 1.8440.56.

In order to decide if there is statistically significant evidence that the win-
ning speed is increasing every year, we can perform a test with hypotheses

Ho:B1=0, H,:[31>0.
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Under the null hypothesis, (31 is approximately N (0, 0.28?). Therefore, the
P-valueis

P(N(0,0.28%) > 1.84) = P(N(0,1) > 6.57) = 2.5 x 10~ .

We conclude that there is statistically significant evidence to support that
the winning speed is increasing every year. Finally, the prediction of the
winning speed in 1974 is

Y = —3469 + 1.84- 1974 = 163.2 mph.

Here we would like to remark that if you think the sample size n is not
large enough to use normal approximation, the classical approach is to use
Student’s t-distribution under the normality assumption on ¢;’s. All one
needs to do is to replace zpgps5 by tooos(n —2) = toe5(8) = 2.3 in the
construction of the confidence interval and replace N (0, 1) by ¢-distribution
with degrees of freedom 8 in the calculation of P-value. This will lead to a
slightly wider confidence interval and a larger P-value 8.7 x 107°. n

11.3.1 Estimation vs. Prediction

In the preceding Example 11.5, there is one piece of important detail miss-
ing. When we were predicting the winning speed in 1974, we did not sub-
mit the error associated with our prediction. It is not that the derivation of
its error is impossible. On the contrary, it is quite simple. The important
point is to understand what kind of error we are dealing with.

It is probably better to use a different example to explain this issue.
Suppose you have built a linear regression model to predict weight Y from
height x. You model is

Y = Bo+ Bix +e.

You have collected a bunch of samples, made your estimation (3¢, 31), and
calculated all relevant quantities such as SSE, Var[$3] and so on. You are
now facing two problems.

1. What is your estimate for the average weight of a person with height
x = x*? What is the error associated with your estimate?

2. Your friend Alan has a friend Ben, whom you have never met. But
Alan told you Ben’s height is x*. What is you guess of Ben’s weight?
What is the error associated with your guess?

150



Your answers to these two questions would be the same, Bo + B1x*, but the
interpretations are very different.

The first question is to estimate an unknown but fixed population pa-
rameter 6 = f3) + B1x* = E[Y|x*]. The second question is to predict the
value of a particular response with x = x*, which is a random variable. In
other words,

1. For the first question, we use 0 = By + B1x* as an estimate to the
unknown but fixed population parameter 8 = 3o + 31x™.

2. For the second question, we use Y = Bo + B1x* as a prediction to the
value of the response variable Y = ¢ 4 31x* 4 ¢.

Even though 0 and Y have exactly the same formula, their interpretations
are very different, so are the associated errors.

The error associated with 8 is standard. It is an unbiased estimate for 6
with variance (thanks to Exercise 5.45 and Lemma 11.1)

Var[f] = Var[fy + B1x*] = Var[af}] = aVar[B]a’ = o?a(X'X)'a’
a=1[1, x7]

The error associated with Y is
Y —Y = (Bo+p1x* +¢)— (Bo+ B1x*) =a(B—B) +e.

Since f is an unbiased estimator for 8 and ¢ is independent of B because ¢ is
not within the samples that are used to estimate 3, we have E[Y — Y] = 0
and

A

Var[Y —Y] = Var[a(— )]+ Var[e] = aVar[B]a’ + o*
= o*[a(X'X)tal +1].
Naturally, the error associated with the predictor Y is always larger than
that of the estimator . The unknown variance parameter o> can be ap-
proximated as in Lemma 11.1.
Even though our discussion has been for the model with a single ex-

planatory variable, the extension to multiple explanatory variables is straight-
forward. The formulae are exactly the same, except that

a=1[1, xi, x3,..., xj]

when we estimate or predict with explanatory variables (x}, x3, ..., x}).
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Finally, as a side note, the standard error associated with the predictor
Y in Example 11.5 is

SE.(Y) = (Ar\/a(XtX)*lat +1=234, a=/[1,1974];
and the 95% prediction interval is
Y 4 20005S.E.(Y) = 163.2+£2-3.4 = 163.2£6.8.

You can use togp5(8) = 2.3 in place of zg 25 as we have discussed in the
example. The actual winning speed was 158.6mph in 1974.

11.4 Goodness of Fit

How can we decide if the linear regression model is a good fit of a given
data set? This is a tricky question without a perfect answer. There are, how-
ever, ways to help us make our decisions. For example, it is always helpful
to make various plots of the data set. Visual evidence can be very power-
ful and sometimes suggest better linear regression models with nonlinear
transforms.

In this section, we will focus on a very specific measure of goodness of
tit through analysis of variance. We consider three types of variations:

1. Total variation of Y. The total variation of the response variable Y is
defined by

n
SST = Y (Vi - Y)2.
i=1
You can regard Y as our prediction for each observation in a linear
regression model without any explanatory variable.

2. Variation accounted for by regression. The variation accounted for or
explained by the regression model is defined to be

n
sSM =Y (V;-Y)~
i=1

Once one introduces the regression model into the analysis of the
data, the variation of the predicted values for those observations is
quantified by SSM.
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3. Variation NOT accounted for by regression. This is our sum of squared
erTors:

n
SSE = Y (Y;—Y)).
i=1

The least square estimator 3 minimizes this variation.

Lemma 11.3. In a linear regression model, SST = SSM + SSE. The "variation
explained by the regression model” is defined to be

SSM
2 _
R*= SST-

Proof. Recall the matrix notation and the formula of 3 in Section 11.2. We
have

(Y - Y)'X = (Y - XB)'X = YX - YX(X'X) ' (X'X) = YX - YX=0.
In particular,

Y-Y)Y=(Y-V)'XB=0, (Y-Y)X;=0

where X; denotes the first column of X, that is, X; is d X 1 column vector
with every component 1. These two equalities amount to

A

Write Y; — Y = (Y; — Yi) + (Y; = Y). It follows that

n
SST = SSM+SSE+2 Y (Yi— Vi) (Vi - Y)
i=1

n n
= SSM+SSE+2Y (Y, — V)V, —2Y Y (Vi - V)
i=1 i=1
= SSM + SSE.
We complete the proof. |

When there is a single explanatory variable, one can show that R? = 12,

where r is akin to the “correlation coefficient” between the explanatory
variable and response variable; see Exercise 11.4. In general, 0 < RZ<1.In
the “ideal” case where the predictions coincide with the observations per-
fectly (all observations lie on the regression line), then R? = 1, the variation
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in the data is completely explained by the regression model. This leads to
the rule of thumb that a regression with a large R? is considered a good
fit in general. But how large is large depends on the context and there is
no absolute answer to this question. The R? in Example 11.5 is about 84%.
Also taken into consideration of the visual evidence, the linear regression
model seems to be a good fit.

There is an important remark we wish to make. Using R? as a sin-
gular measure for the goodness of fit is NOT suggested. Indeed, it can
be detrimental. A good fit should not only explain a given data set, but
also provide reasonable power in predicting future observations. One can
easily fit the data in Example 11.5 perfectly with a polynomial of degree
n—1 = 9 (which is a linear regression model with explanatory variables
X1 = X, Xp = X, ... ,x9 = x°). This leads to R> = 1. Butsuch a regression
model grossly overfits the data and has little prediction power. R? should
be combined with other evidence in the study of goodness of fit.

11.5 Words of Caution

Linear regression, as one of most popular models in statistical inference,
does have its own pitfalls. Here we should list but a few of them.

e Sensitivity to outliers. Outliers in a data set can easily skew the re-
gression line, due to the squared errors. In the following figure, there

Figure 11.2: Outliers in linear regression

are 100 points whose coordinates are all generated from independent
standard normals. Then an artificial outlier (20, 40) is added (the up-
per right corner). This lifts the original R? = 0.4% (without outlier, as
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it should be) to R* = 74% (with outlier). The regression line, which
should be roughly horizontal, now has a slop 3; = 1.6 with a stan-
dard error of “merely” 0.1.

Danger of overfitting: We have mentioned the danger of overfitting in
the discussion of R?. In general, the symptom of overfitting is that
the model has a very good fit to the given data set, but performs very
poorly in predicting new observations. This usually happens when
too many explanatory variables are included into the model. One
can use more advanced analysis of variance (ANOVA) to perform
hypothesis testing on whether a group of independent variables are
contributing to explaining the variations in the data. Alternatively,
one can also use methods such as cross-validation to test the predic-
tive power of the model. What cross-validation does is to split the
data into two parts. The model’s parameters are estimated from one
part of the data, and its predictive power is tested on the other.

Simpson Paradox: This is not exactly a problem or a paradox only rel-
evant to linear regression. It is actually a general phenomenon in
statistical inference that illustrates the danger of lurking variables. In
linear regression, it may lead to completely erroneous conclusions. It
is probably best explained by the following figure. Should X and Y
be positively correlated or negatively correlated?

Figure 11.3: Simpson Paradox
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Appendix A

Collection of Proofs

e Proof of Lemma 3.2. The proof for the case of Bernoulli is trivial. We
only need to prove for the cases of binomial, geometric and Poisson
random variables. Our approach is via moment generating function.
Given arandom variable X, its moment generating function is define
to be a function M : R — [0, co] with

M(8) = E[e%].
Taking the n-th derivative with respect to 6 on both sides and then
letting 6 = 0, we have
dﬂ
E[X"] =

It remains to calculate the moment generating functions. Denote q =
1 — p. Suppose X is B(n, p). Its moment generating function is

6=0

M(8) = E[e¥] = Zn:eekP(X:k)
k=0

- ké) <Z> <eep>k 9" = (p+q)"
Here the last equality follows from binomial expansion. Therefore
M(0) = npe(e®p +q)" | =np
and
M(0) = n(n—1)pe(e% +q)" 2+ npe(ep+q)" |
= n(n—1)p*+np.
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It follows that E[X] = M’(0) = np and Var[X] = E[X?] — E2[X] =
M"(0) = (np)* = np(1—p).

Suppose now X is geometric with parameter p. Then its moment
generating function is

M0)=Y ""P(X=n)=Y g p= g Y <69q>
n=1 n=1 n=1

Note that for 0 such that ¢’g < 1 or 8 < — log(q), the infinite sum on
the right-hand-side of the preceding display is finite and

0
e
MO =

It follows that

 mrey = 2pge

(1= " (1= ey

and E[X] = M'(0) = 1/p,and Var[X] = E[X?] — E3[X] = M"(0) —
(1/p)*=a/p

Finally suppose X is a Poisson random variable with parameter A. Its
moment generating function is

M) = i g

n
A
n!

Ae?—1)

M(6) = io: e"P(X=n)= io: e =e ,
n=0

n=0

where we have used the Taylor series

It follows that
M’(G) _ Aeee)\(etl)/ M”(0) = Aeee)\(etl) +)\2e29e7‘(“6’1)

and E[X] = M'(0) = A, Var[X] = E[X?] — E?[X] = M"(0) — A2 = A.
We complete the proof. |

Proof of Remark 5.3 (Cauchy-Schwarz inequality). If Y = 0 then the
inequality is trivial. Assume now Y # 0. For any constant ¢, we have

0 < h(t) = E[(X — tY)?] = E[X?] — 2tE[XY] + t*E[Y?].
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In particular, if we take t* = E[XY]/E[Y?], then

E?[XY]
E[Y?] -

0 < h(t") = E[X?] —

The inequality follows readily. It is an equality if and only if Y = 0
or h(t*) = 0,if and only if Y = 0 or X — t*Y = 0, if and only if
aX + bY = 0 for some constants a and b that are not both zero. We
complete the proof. |

Proof of Lemma 10.1. Let R C R" be an arbitrary rejection region
whose probability of type I error is bounded by «, that is, P(R|Hp) <
o. It suffices to show that P(Ry|H,;) > P(R|H,).

To simplify notation, we denote x = (x1,...,x,), dx = dxy---dx,,
Lo(x) = fo(xl) ce ‘fo(xn), and Lg(x) = fg(xl) ce ‘fa(xn). Then

H,) - P(R|H,) = / Lﬂ(x)dx—/RLa(x)dx

Note that by the definition of Ry, L,(x) > b*Lo(x) on the set Rp« \ R
and L,(x) < b*Lo(x) on the set R \ Ry:. It follows that

H,) — P(R|H, >b*/ L d—b*/ Lo(x)d
)-PRH) = v [ mabodc-b [ Laods

= b*/ Lo(x)dx—b*/Lo(x)dx
Ry R

The first integral on the right-hand-side equals P(R,|Hp) = a and
the second integral equals P(R|Hp) < a. We complete the proof. W

Proof of Theorem 11.2. Consider any linear unbiased estimator 8 for
jB. Since 0 is linear, we can write 6 = cY for some (d + 1) x n matrix
c of constants. The unbiasedness of 6 implies that

B = E[0] = E[cY] = X3

or cX = I;;1, where I, represents the identity matrix with dimen-
sion (d+ 1) x (d + 1). The covariance matrix for 8 is

Var[d] = cVar[Y]c' = co?L,c" = o?cc'.
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We would like to show that Var[8] — Var[j] or equivalently ccf —
(X'X)~1 is a positive-semidefinite matrix. To this end, define

5 =c— (XX)"1X".
It follows that

X =[c— (X'X) XX =X —Iz4; =0,

and thus
e — (XIX)™ = [(XIX)TIXE 4+ 8] [(XIX)TIXE + 8] — (XPX) !
= [(XX)7IX! 4 8] [X(X'X) ! 4 8] — (XEX) T
568,

which is automatically a positive-semidefinite matrix. We complete
the proof. [ ]
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