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Calculus

Modern calculus was founded in the 17th century by Isaac Newton and
Gottfried Leibniz.
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Fractional Calculus was born in 1695
d"f

dr"

What if the
order will be

n="1%?

It will lead to a
paradox, from which
one day useful

4 ) consequences will be
T \3\‘ . drawn. | :
G.F.A. de L'Hopital G.W. Leibniz
(1661-1704) (1646-1716)
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Leonhard Euler (1707-1783)

« n)

W, for

in 1738 gave a meaning to the derivative
a¢N

Joseph Liouville (1809-1882)

in his papers in 1832-1837 gave a solid foundation to
the fractional calculus, which has undergone only slight
changes since then.

Georg Friedrich Bernhard Riemann (1826-1866)

in a paper from 1847 which was published 29 years later
(and ten years after his death) proposed a definition for
fractional integration in the form that is still in use today.
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Special functions

Special functions, such as the gamma function, the beta function or the
Mittag-Leffler function, have an important role in fractional calculus.
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Special functions

Special functions, such as the gamma function, the beta function or the
Mittag-Leffler function, have an important role in fractional calculus.

@ The gamma function:
M(z):= / e tt* dt (Rez > 0)
0

with properties

Mz+1)=2zI(2), M(n+1)=n! (neN).
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Special functions

Special functions, such as the gamma function, the beta function or the
Mittag-Leffler function, have an important role in fractional calculus.

@ The gamma function:
o
M(z):= / e tt* dt (Rez > 0)
0
with properties
Mz+1)=2zI(2), M(n+1)=n! (neN).
@ The beta function:
1
B(z,w) = / t*"}(1—-t)*1dt  (Rez,Rew >0)

0

with properties

r(z)rw)

B(z,w) = Tz tw)
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@ The Mittag-Leffler function:

o
_ Rea, R 0
Zrak+6 (Rea,Re 8 > 0)
k=0
with special cases:
° EO,I(Z) = 1 1 2
o El’l(Z) =&

o E>1(z) = cosh(v/z)
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The Riemann-Liouville fractional calculus

Let u € L*([a, b]) and a > 0.

@ The left Riemann-Liouville fractional integral of order «a:

0u(t) = r(la)/ (t— 0)*1u(0) do

@ The right Riemann-Liouville fractional integral of order «:

e u(t) a)/ 0 — £°~1u(6) b
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Properties:

@ If « = n €& N then

a/t”u(t)—(n_l) /(t 6)" 1y de_// / Ydby...d6,,

i.e., o/{'uis just an n-fold integral of u.

@ Semigroup property:

A8 tlu= 10"y and g dlu= 2Py (a,8>0)
Consequences:
o oI and LI commute, ie., 1,17 = L1712
Mp+1)
19(t — a)t = ——C L (t — a)tte.
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Let u € AC([a,b]) and 0 < o < 1.

@ The left Riemann-Liouville fractional derivative of order «:

o _ d 11—« _ 1 d ‘ U(@)
DEu(t) = 2 u(r) = F(l—a)dt/a =

@ The right Riemann-Liouville fractional derivative of ordera:

Dpu(t) = (‘ %)f’t}_a”“) - r(11_a)< B %) /tb (eu—(ez)a df

o If =0 then ,D?u(t) = :D2u(t) = u(t).
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Euler formula:

Dy (t—a) "= M- L
at (1 —pu—a)(t—a)nta
Derivation: _
o _ B 1 d [t (6—a~H
aDy (t —a) " = I'(l—cx);-/a (t— 0) 0
1 d t—a zTH
= 7“17&);/0 (= ®
1 d [t—a z M
= Tgwh woaomE
1 dr—aher
T orl-a) dt/o (t —a)x(1 — &)« (£ = 2)de
= L9 g /ls’“(lf&)*"‘ dé
Ml —a)dt Jo
_ l—p—o (t—a) BT — —«a
= =) (t—a)™" B(1—p,1 )
L Gl AR
- rM—p—a & )
Conclusions:

o u=1—q: D¢t —a)*1=0
o 11 =0: ,Dfc # 0, for any constant ¢ € R.
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Definition of R-L fractional derivatives can be extended for any o > 1:
write & = [a] + {a}, where [] denotes the integer part and {a},

0 <{a} <1, the fractional part of c.

Let u € AC"([a,b]) and n—1 < a < n.

@ The left Riemann-Liouville fractional derivative of order a:

= (200700 - (22

250~ 55y () [ =y

@ The right Riemann-Liouville fractional derivative of order a:

Dgu(e) = (~ YD ue) = (- )y

or

or

n b u
280~ oy () | e
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Properties:
o Dflfu=u
o ,I7.Dffu # u, but

[ay

n—

t—a a—k—1 dn—k—l
e Du(t) = u(t) = S E=2)

Ma—k)  dt

(sl u(v)

t=a

»
I

0

@ Contrary to fractional integration, Riemann-Liouville fractional
derivatives do not obey either the semigroup property or the
commutative law: E.g. u(t) = t/2,a =0, =1/2 and = 3/2.

3 1
oDfu=T(2)=2vm, oDlu=0
2 2
1 1
()D? <0Dtﬁu) =0, th’B (0D?U> = _Z t_%, 0Df‘+ﬁu = _Z t_%

= oD (oDfu) # oD Py and oD (oD u) # o DY (oD u)
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Left Riemann-Liouville fractional operators via convolutions

Set
tOé—].
H(t)—, a>0
f(t) = )
N
(%) fon(t), a<ONeEN:N+a>0AN+a—1<0
(H is the Heaviside function)
e aveN:
t2 ¢t
f(t) = H(t), fH(t)=ts, ;%(t):?, o () = -1
e —« € Np:
fo(t) = 6(t), Fa(t)=06(t), ... fn(t)=386"(s).

@ The convolution operator fyx is the left Riemann-Liouville operator of
o differentiation for a < 0
e integration for a > 0
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Heaviside function: Wb

O 4 - -

H(t) = %, =0 ]

1 t>0 * ‘ . ]

Dirac delta distribution ]

06 B

generalized function that vanishes everywhere
except at the origin, with integral 1 over R

00

Convolution

f*u(t):/Jroo F(t — 0)u(0) dO

—0o0
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Analytical expressions of some fractional derivatives

| [@.z>a Dy (@)
k(z—a)™
k e
T(B+1 o
(@ —a)?, R(B) > -1 sy (@ — a)f
e/\I A ?/: 0 e/\a(l. a’) uEl 1*@()\(1' - a‘)) =

D) ;
(x£p)? atp>0 }“(fle) (zr—a) G F (L—A,l—a;%)
(x —a)’(x£p)*, % (a£p)(z—a)’*
RB)>—-1AN atp>0 '2F1(5+1 A8 — %aip)
(- a)’(p—a), Tariesy (0 — @ —a)f =
p>x>aAR(B) > -1 '2F1(5+1—)\§/3—04£:3)

r(p+1er” _ ,\B—a,

(x —a)? e, R(B) > -1 AT (&~ a)

AR (B+1,8+1— oMz —a))

sin(A(z — a))

(x—a)”
2T (1—a)

CLF(1,1 — o, iM(z — a))—

1F1(1,1 — o, —iM(z — a))]
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Caputo fractional derivatives

Let u € AC"([a,b]) and n—1 < a < n.

@ The left Caputo fractional derivative of order a:

cho (e L £ u(o)
aDfu(t) = F(n—a)/a (t — g)o—n+l do

@ The right Caputo fractional derivative of order a:

(")
Cc «
tDpu= n—a)/ Q_t)a n+1d9
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Properties:

@ In general, R-L and Caputo fractional derivatives do not coincide:

D= () eyt (D, —epey,

dt dt
but )
— (t—a)f ™
D%y — DY (k)( 5+
a tu a tu+k¥0r(k—a+1) (a )7
and .
o o < (b_t)kia (k) (—
tDbu beu_i_Zr(k-O&—i-l) (b )

o If uM(at)=0(k=0,1,...,n—1) then ,D¢u = <D&u;
If u)(b=) =0 (k=0,1,...,n—1) then ;Dfu = $Dgu.
o D¢k =$Dgk =0, k € R.
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Fractional identities
o Linearity:
D (puu+vv)=p-,Dfu+v- ,Dv
@ The Leibnitz rule does not hold in general:
D (u-v)#u-,Dfv+ Dfu - v
@ For analytic functions u and v:

0t =3 (Feora 0 (7)< sl

i=0

@ For a real analytic function u:

o .
a\ (t—a)~
DYy — A4 0
aZe ZO <,> 1o’
o Fractional integration by parts:

b b
/ F(1),D¢'g dt = / g(t): DEF dt
a a
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Laplace and Fourier transform

o Fourier transform:

+o0 .
Fu(w) = i(w) = / e "Yu(x) dx (w e R)

+oo
Lu(s) = ii(s) = /O e tu(t)dt  (Res > 0)

Properties:
F[ID"ul(w) = (iw)"Fu(w); L[D"u](s) =s"Lu(s) — is”_k_leu(a)
k=0
F[Dul(w) = (iw)*Fu(w); L[Du](s) = so‘ﬁu(s)—i s"k=Ipkn=ay(a)
k=0
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